fpocnaBckuil rocynapcTBeHHbIH YHHUBEPCUTET
um. IL.T. Jemunosa
MexxnyHaponHasi Hay4HO-HCCJ/e0BaTe 1bcKast JabopaTopus
«JlucKpeTHasi ¥ BbIYUC/IUTe/bHAs reomeTpusi» uM. b.H. [lenone
WHCTUTYT KOMIBIOTEPHBIX HUCCJEJ0BAHUH,
YaMypTCKUH rocynapCTBEHHBIH YHUBEPCUTET
Martematuyeckuit HHCTUTYT M. B.A. CreksoBa PAH
Hanuonanbubl#l nccnenoBaTenbcKuil aaepHblil yHuBepcuteT « MU D »

MexayHaponHas KOH(epeHUIUs
HEAUHEMHASA JAUHAMMUMKA U EE ITPUAOKEHUA,

nocBsimeHHas 150-jgeTuio co AHA poXKIAeHUS
IMons Ilennese (1863—-1933)

TE3HCbI AOK/IAA0B

fdpocnasab, 15-18 oktsiops 2013 .

P.G. Demidov Yaroslavl State University
International B.N. Delaunay Laboratory of
Discrete and Computational Geometry
Institute of Computer Science of the Udmurt State University
Steklov Mathematical Institute (RAS) in Moscow
National Research Nuclear University « MEPhI»

International Conference
NONLINEAR DYNAMICS AND ITS APPLICATIONS,

dedicated to the 150" anniversary of the birth of
Paul Painlevé (1863-1933)

ABSTRACTS

Yaroslavl, October 15-18, 2013



MexayHaponHasa KoHpepeHIHUs
HEJIUHEWMHAY TUHAMUKA U EE MNPUJIO2KEHHA,
nocesameHHas 150-aetuio co nHa poxaeHus Iloas Ilennese
fApocaaBab, 15—-18 okradpsa 2013 r.

OPTAHU3ATOPBbI

fdpocnaBckuil rocynapcteenHbld yHuBepcuteT uM. [1.I°. lemunosa
MexnyHaponHasi Hay4yHO-UCCJe0BaTeNAbCcKas JabopaTopust
«JIucKpeTHasl U BBIUMUC/AUTeNbHas reomeTpusi» uM. b.H. Jlesnone
WHCTUTYT KOMIBIOTEPHBIX HUCCJEN0BAHUH,
YOMypTCKUH rocylapCTBEHHBIH YHUBEPCUTET
Marematnyeckuit uHCTUTYT UM. B.A. Creknosa PAH
HauvoHabHBIN HccienoBaTebCKUE sinepHbld yHUBepcuTeT « MU D »

ITPOBOAUTCA ITPHU IIOAAEP2KKE

Poccuiickuil oHa (pyHIaMeHTa/lbHbIX UCCIeN0BaHUH
['pant [IpaBurensctea PP no nocranosaenuto Ne 220

IMPOrPAMMHBIY KOMUTET

B.B. KossoB (compencenaresn),
C.A. Kauenko (3am. comnpencenaress),
H. Edelsbrunner (conpencenatesnb),
A.B. Bopucos,

A.T. Bnagumupos,

C.H. I'ypb6aros,

H.A. Kynpsios,

J1.B. Typaes,

A. Albouy,

A. Maciejewski

OPTAHU3AIITMOHHBIA KOMHUTET

C.[. I'neizun (npencenarens),
[T.H. Hecrepos (cexperaps),
J1.B. T'naskos,

J1.C. I'nbi3uH,

H.H. Epnakosa,

N.C. Kamenko



International Conference
NONLINEAR DYNAMICS AND ITS APPLICATIONS,
dedicated to the 150" anniversary of the birth of Paul Painlevé
Yaroslavl, October 15-18, 2013

ORGANIZERS

P.G. Demidov Yaroslavl State University
International B.N. Delaunay Laboratory of
Discrete and Computational Geometry
Institute of Computer Science of the Udmurt State University
Steklov Mathematical Institute (RAS) in Moscow
National Research Nuclear University « MEPhI»

SPONSORED BY

Russian Foundation for Basic Research
Russian Government Grant 220

PROGRAM COMMITTEE

V. Kozlov (co-chairman),

S. Kaschenko (deputy co-chairman),
H. Edelsbrunner (co-chairman),
A. Borisov,

A. Vladimirov,

S. Gurbatov,

N. Kudryashov,

D. Turaev,

A. Albouy,

A. Maciejewski

ORGANIZING COMMITTEE

S. Glyzin (chairman),
P. Nesterov (secretary),
D. Glazkov,

D. Glyzin,

N. Erdakova,

[. Kaschenko



YIOK 517.928
BBK B184a43
H 49

H 49

HeanneiiHasg nuHaMuKa U e€ npuioxeHus: MexnyHaponHas KoH(pepeHIUs,
nocesiieHHass 150-netuto co aHa poxpaeHus [lons Ilennee: Tesucer mokana-
noB. — fpocaasab: Apl'Y, 2013. — 68 c.

ISBN 978-5-8397-1005-4

fdpocnaBckuil rocynapcTBeHHbId yHUBepcuTeT UM. [1.I°. [leMunoBa npoBogut
c 15 no 18 oktsi6ps 2013 roma B r. fpocsiaBie MexAyHapOOHYIO KOH(epeH-
umio «HesmHeliHas nuHaMUKa U e€ MPUIOKEHHUS», OCBsleHHY0 150-1eTHio co
nHs1 poxaenusi [lons I[lennese. JlaHHBIA COOPHUK COLEPXKUT TE3UCHI NOKJANOB,
MpeACTaBJAeHHBIX Ha KOH(epeHUH0. Te3ncel MOK/Ian0B MyOJUKYIOTCS B aBTOP-
CKOU pelaKklUHu.

Kondepenuus nposogutcs npu ¢puHancosoil nopaepxke PODPU B pamkax
HayuHoro npoekta Ne 13-01-06090r u rpanra IlpaButensctsa PP no nocra-
HoBJsieHHI0 Ne 220, norosop Ne 11.G34.31.0053.

YIK 517.928
BBK B18:43

ISBN 978-5-8397-1005-4 © SfpocnaBckuil rocynapcTBeHHbIN
yHuBepcuteT uM. [1.T'. lemunosa,
2013

© Asropsl, 2013



COOEP>XKAHUWE (CONTENTS)

Bobok A.C., I'mbizun C. ., Kosecos A. HO.
JunaMuKa Tpex OIHOHAIIPABIEHHO CBSI3aHHBIX CUHTY/ISPHO BO3MYIIEHHBIX
ypaBHeHI/Iﬁ C ABYMs 3alla3IbIBAaHUAMN
Dynamics of three unidirectionally coupled singularly perturbed equations
with two delays . . . . . . . . .

Boraesckasa B.T., Kameunko U. C.
Bausaue zanasgpiBanusi Ha YCTONINBOCTD MEPUOIUIECKUX OPOUT
Delay effect for the stability of periodic orbits . . . . . . . ... .. ... ...

Bypx B. IT1.
T-KUHKW B [TApaMeTPUIeCKU BO30Y2KJIEHHOM ypaBHEHUU CUHYC-10pmoH
m-kinks in the parametrically excited sine-Gordon equation . . .. ... ...

Byryzsos B. ®.
O cuHIYJISIPHO BO3MYIIEHHBIX 33/1a9aX ¢ KPATHBIM KOPHEM BBIPOXKJIEHHOTO
ypaBHEHUS
On singularly perturbed problems with multiple root of the degenerate
equation . . . . ..

Byrty3sosa M. B.
O cucreMe THXOHOBCKOTO THIIA B CIyYIae KPATHOTO KOPHS BBIPOKJICHHOTO
ypaBHEHUs
On a Tychonoff-type system in the case of a multiple root of the degenerate
equation . . . . .. e

I'nbizun C. ., Kogecos A. 10., Po3zos H. X.
HeKﬂaCCI/IquKI/Ie peslaKCallMOHHBbIE IUKJIbI CUHI'YJIAPDHO BO3SMYIIEHHLIX CUCTEM
C 3alla3/bIBaHUEM
Non-classical relaxation cycles of singularly perturbed systems with delay

WNsanos A.II.
O mapagokcax Ilensnese
On Painlevé paradoxes . . . . . . . . . . ..

Kamenko A. A.
YceroituuBocTb aBTOMO/ICJIbHBIX peH.IeHI/Iﬁ JJIA OﬂHOf/i JIaSepHOfI CUCTEMBbI
Stability of automodel solutions of one laser system . . . . . . . ... ... ..

Kamenko . C.
Hopwmanusarust ypaBHeHUs ¢ OOJIBITIM ¥ OU€Hb OOJIBIITUM 3aI1a3/IbIBAHIEM
Normalization of equation with large and very large delay . . . . .. ... ..

Kamenko C. A.
JuHaMuKa ypaBHEHUs C MAJIBIM IIPOCTPAHCTBEHHO-PACIIPEIETIEHHBIM
yIIpaBJI€HUEM
The dynamics of one equation with small space-distributed control . . . . . .

5

11

12

13

15

17

20

21

22

24



COOEP>XKAHUE (CONTENTS)

Kyobunkuu E. I1., Tpsaxos M. C.

OnruMajbHOe yIpaB/IeHre TOBEJEHUEM PEeIeHni HavaIbHO-KpaeBoil 3a1a4u,

MOJIEJTUPYIOMIEH JTUHAMUKY PYKH TEJIECKOIMIECKOTO MAHUITYJISITOPA

Optimal control of the behavior of solutions of initial-boundary-value problem

modeling the dynamics of the hand of telescopic manipulator . . . .. .. ..
Kynukos A. H.

Cuenapuit Jlangay-Xorda 1 HEKOTOPBIE 33/1a91 U3 TEOPUU YIPYTOM

YCTON4YUBOCTU

Landau-Hopf scenario and some problems from the theory of the elastic

stability . . . . .o
Kynukos A. H., Kynukos . A.

Vpasuenne Kypamoro-Cuparmunckoro. budypkanmonnsie 3a1a4u

Equation of Kuramoto-Sivashinsky. Bifurcation problems . . . ... ... ..
Kynukos . A.

ABTOMO/IETEHBIE TIEPUOJIMIECKHE PEIeHNsT B 33/[a9aX O JIMHAMUKE CBA3AHHBIX

OCIIMJLTISITOPOB

Self-similar periodic solutions in the problems of the dynamic of coupled

oscillators . . . . . . L
Hecrepos II. H., Ara¢ponuunxkos E. H.

OcoberHocTn KojiebaHusl peleHnii aanabaTuIecKuX OCIUIIATOPOB

C 3aIa3/ibIBaHIeM

Features of oscillations in adiabatic oscillators with delay . . . . .. .. ...
Albouy A.

On Painlevé’s extension to Bruns’ theorem of non-existence of first integrals

in the 3-body problem . . . . .. .. ... oL o
Bizyaev I. A., Borisov A.V., Mamaev I.S.

On the motion of a spherical shell on a plane . . . . . .. ... ... .....
Bolotin S. V.

The problem of optimal control of a Chaplygin ball by internal rotors
Bolsinov A. V., Kilin A. A., Kazakov A.O.

Topological monodromy in nonholonomic systems . . . . . . .. .. ... ...
Borisov A. V., Kilin A. A., Mamaev I.S.

On the dynamics and control of Chaplygin ball . . . . ... ... ... ....
Borisov A.V., Mamaev I.S., Kilin A. A., Karavaev Yu. L.

On the motion of a rolling disk . . . . . . ... ... ... .. .........
Demina M. V., Kudryashov N. A.

Point vortices, multi—particle systems, and polynomials . . . . .. ... ...
Erdakova N.N., Mamaev I.S., Karavaev Yu. L.

On the motion of a disk on a horizontal rough plane . . . .. ... ... ...
Glazkov D. V.

Dynamics of second order equations with asymptotically large delay . . . . .
Glyzin D. S.

Numerical analysis of pseudohyperbolicity . . . . . . ... ... ... .....
Grigorieva E. V.

Dynamics of relaxation oscillations in two-mode microchip laser . . . . . . . .
Ivanova T. B., Ivanov A.P., Mamaev I.S.

On the motion of a stick-like body on a rough surface . . .. ... ... ...
Kazakov A. O., Borisov A.V.

On the dynamics of a rubber rock’n’roller on a plane . . . . . . .. ... ...
Kilin A. A., Vetchanin E. V., Tenenev V. A., Shaura A.S.

On the motion and control of a three-axial ellipsoid in the viscous fluid . . . .

6

25

27

29

31

33

35

36

38

39

40

42

43

45

46

47

48

50

92

o4



COOEP>KAHUE (CONTENTS)

Kozlov V. V.

Notes on integrable systems . . . . . . . . ... oL oL
Kudryashov N. A.

Painlevé equations and their hierarchies . . . . . . .. .. ... ... .....
Kudryashov N. A., Sinelshchikov D.I.

Painlevé analysis and exact solutions of extended model for nonlinear waves

in liquid with gas bubbles . . . . . . .. ... oo oo
Pivovarova E. N., Ivanova T. B.

On the motion of a ball with a spherical pendulum . . . . ... ... ... ..
Sokolov S.V.

Falling of a heavy circular cylinder interacting dynamically with N point

VOTtICES . . o o v o e e e e e
Treschev D. V.

KAM-tori near resonances . . . . . . . . . ..o e
Vetchanin E. V., Kilin A. A., Tenenev V. A., Shaura A.S.

On the motion and control of a three-axial ellipsoid in the viscous fluid . . . .
Eaucees 1. A., Kyosuukuu E. IT.

OnruMaibHOe yIpaB/eHre TOBEJEHUEM PeIleHni Hava bHO-KPAaeBoil 3a/1a4u,

MOJIEJTUPYIOIIEH TTOBOPOT TBEPOTO TEJIa C JBYMsl YIPYTUMU CTEPXKHIMU

Optimal control of the behavior of solutions of initial-boundary-value problem

modeling the rotation of a rigid body with two elasticrods . . . . .. .. ..
Caxapos A.B., Usaunos A.II.

JluHamMuKa TBEPIOTO TeJIa, C TMOJBUKHBIMYA BHYTPEHHIMHU MACCAMU

HA TIEPOXOBATON MOBEPXHOCTH

Rigid body dynamics with moving internal masses on a rough surface

o6

57

58

99

61

62

63

65

67



International Conference “Nonlinear Dynamics and its Applications”

AUHAMUKA TPEX OJHOHAITPABJIEHHO CBA3AHHBIX
CUHI'VJIAPHO BOSMVIIIEHHBIX YPABHEHUUN
C ABYMHA SAITA3SJIBIBAHN AMU

DYNAMICS OF THREE UNIDIRECTIONALLY COUPLED
SINGULARLY PERTURBED EQUATIONS
WITH TWO DELAYS

Bobok A.C., I'nmbizun C. ., Kosecos A. FO.

Hpocarascruti 20cydapemeernoiti ynusepcumem um. 1. I Jemudosa, Hdpocaasav, Poccus;
glyzinQ@uniyar.ac.ru

PacemarpuBaeTcst cucreMa OJHOHAIPABIEHHO CBA3AHHBIX CHHTYISPHO BO3MYIIEHHBIX CKa-
JIAPHBIX HEJIMHEHHBIX 1uddepeHmaIbHO-PA3SHOCTHBIX YPABHEHHN ¢ ABYMS 3alIa3AbIBAHIAMH,
MOJIETIUPYIOIIAX 3JIEKTPUIECKYIO AKTUBHOCTD KOJIBIIEBOI HEHPOHHON acconuanyu. YCTanaB/Iu-
BaeTCs, YTO IPU HOAXOAAIIEM BLIOOPE MapaMeTpoB B (pa30BOM IPOCTPAHCTBE 3TOH CHCTEMBI
MOXKET COCYNIECTBOBATD JII000€e Halepe]] 3aJaHHOe KOHETHOE YUC/I0 YCTOMIMBBIX II€PUOIMIC-
CKUX JIBUKeHUil, T.e. Habonaercs asienue Oydepnocru (em. [1, 2]).

Cuestyst MeTonuke craThbu [3], B KauecTBe MaTEeMATUIECKON MOJIEIH KOJIBIEBOH CUCTEMbI U3
TpeX UMITYJIbCHBIX HEHPOHOB BO3bMEM CHCTeMy JauddepeHInaabHO-Pa3HOCTHBIX YPaBHEHMI

etij = [(a+ 1) f(u;(t —eh)) —a—bg(u;(t — 1)) +&*r(uj—1)luj, j=1,23. (1)

Buech u;(t) > 0 — MeMOGpaHHBIe OTEHIMAJIBI HEHPOHOB, Uy = U, Hapamerp 1/e > 0 xa-
pPaKTEPU3yeT CKOPOCTh IIPOTEKAHUSI JIEKTPUIECKIX [IPOIECCOB B CHCTEME M IIPE/IIIOIAraeTCst
GOJIBIIIM, & MOJIOKUTEJIbHBIE TapaMeTphl b, a, b IMEoT MOpsi/IoK eMHUNBL. UTo Ke Kacaer-
ca byakmmit f(u), g(u), r(u) € C*°(Ry), Ry = {u € R: u > 0}, To OHE yJIOBIETBOPSIOT
CJIEZIYIOIM YCJIOBUSIM.

Ycaosue 1. Cuumaem, wmo f'(u) <0, g’(u) > 0 Vu € Ry u kpome mozo 6uinoansomes
pasencmsa f(0) =1, g(0) =0, ullgloo f(u) =0, uggloog(u) =1.

ITepen hopMyIMpoOBKOi BTOPOro yCaoBHst 06paTuM BHUMAHUE, YTO [EePEUIHCIIEHHbIE Orpa-
nuvenuss Ha f(u), g(u) obeceuMBAIOT CyIIECTBOBAHUE U EIUHCTBEHHOCTb DelleHusl
u = ug(a,b) > 0 ypasuenus (a + 1)f(u) —a — bg(u) = 0. Hanee, cauras napamerp a > 0
dburcupoBanubiM, BBegeM B pacemorpenue dyukuuio ¥(b), b € R, 3a1a0nryocs paBeHCTBOM

Y(b) = (a+ 1)fl(u)‘u:u0(a,b) + bg/(“)’u:uo(a,b)' 2)

Ycunosue 2. IIpednoaazaem, wmo ypasuenue ¥(b) = 0 umeem na noayocu b € Ry edun-
cmeennoe pewenue b= b, >0 uwp’(by) > 0.

OcranoBuMcs Ha CBsA3U MeXK Ty ycioBusiMu 1 n 2. HecoXKHBIN TOjICUeT TOKa3bIBAET, ITO
dbyuxmst ug(a, b) no nepemenHoit b obiazaeT cBoicTBAME

up(a,0) = ugo >0, ug(a,b) =1/(g'(0)b) + O(1/b*) mpu b — 400, (3)

IIe w0 — KopeHb ypasHenus f(u) = a/(a + 1), koTopBIil B cHiIy yciaoBus 1 ompemessercs
OJIHO3HAYHO. Y4UHTBIBag 3aTeM coorHomenus (3) B (2), npuxomuM K BbiBogy, 4ro 9(0) < 0,
, lim 4 (b) = +o0o0. Takum obpasom, yciosue 1 rapanTupyer cyrecrsoBanue y GyHKmu (2)
—+00

xoTs1 Obl oHOrO KOpHst b = b, > 0, ¢/ (b.) > 0, a ycioBue 2 CONEPKUT BIIOJHE €CTECTBEH-
Hble TPEOOBAHMS O €IMHCTBEHHOCTH ITOrO KOPHs M O BBINOJHEHWH HepaBeHcTBa 1’ (by) > 0,
XapaKTePU3YIONIEro HEKOTOPYIO OOIHOCTD HOJIOYKEHNUS.
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Jitsi bOpMYJIMPOBKHY TOCJIEITHErO YCJIOBUSI HAM TOTPEOYIOTCs (PYyHKIUU

Venb) = s () = ) = Ful] @
Va0.b) = ~ g ol + 0) — ) — g @ul| )

Herpynuo ybemuTbesi, 9T0 uX TEHI0POBCKUE PA3JIOKEHUs B TOUKe v = () HAYMHAIOTCS C KBaJl-
PATUYHBIX CJIAraeMbIX. B 9YaCTHOCTH, CIIPABEIJINBHI PABEHCTBA

Vi(v,b.) = c10® 4 c0® + O(v?), Va(v,b,) = div? + dov® 4+ O(v?). (6)

Ycnosue 3. Cyumaem, wmo d def 4(c? —df) + 2(de — ¢2) < 0.

Haxkonen, orHocuresbHo dyHKIum 7(u) 6yeM PenoaraTh, YTO BBIIOJIHEHO [IPEJICTaB-
nenue 7(u) = »#(u — ug(a,b)) + O((u — up(a, b))?).

IIpu cchopmymupoBaHHBIX OrPAHUYEHUSIX ITOCTABAM BOIIPOC 00 aBTOKOJIE0ATEbHBIX PEXKU-
Max ypasaenus (1), 6udyprupyomux u3 cocrosiHus pasHoBecus u = ug(a, b) npu uaMeneHnn
mapameTpoB b, h, 3. B ¢Bs3u ¢ 3TUM pacrnopsianMcst BLIDOPOM YKAa3aHHBIX TAPAMETPOB TaKUM
obpazoM, 9TODBI B 33/1a19€ 00 yCTONIMBOCTH HHTEPECYIONIET0 HAC [TOJIOXKEHHs] DABHOBECHS Pea-
JIN3OBBIBAJICS CJIydail, OM3Kuil K MAaKCUMAaJIbHOMY BbIDOXKieHuio. [logdaepkHem, 9T0 IMEHHO B
OKPECTHOCTU MAKCUMAaJIbHON OCODEHHOCTH COOTBETCTBY IO JIOKAJIHHBIN aHAJIN3 MOYXKET JIATh
nanboJiee OJIHYIO HHMOPMAINIO 00 ATTPAKTOPAX UCXOIHOIO yPABHEHUS. Y AUTHIBASA ITO, CU-
cremy (1) mepenmmenm B Buze (cM. [3])

ev; = —[(1/2 — p)v;(t — eh) + (1/2 + p)v;(t — 1) + Ay (vj(t — €h), p)+
+A2(Uj(t71),#)4’53%’[)]'_1}(14*11]'), ]: 1,2,3, Vo = V3, (7)

e A = (1 = 2p)Vi(v,bs + a(p)), k = 1,2 (em. (4), (5)), a |u| < 1 — BemomoraTesbHBII
MaJiblii mapamerp. IIpn JIOMOJHUTENBHBIX YCIOBUAX

p=poet, h=1+1pe?, po,vp = const € R, (8)

K 3ajade (7) MoxeT ObITh IPHMEHEH MeTO]| KBasHHOPMAaJbHBIX GopM (cM. [3]). B nannOoM
CIydae mepexo] K KBa3MHOPMAJBHOM (hopMe OCYIIECTBISETCS ¢ TIOMOIIBIO 3aMEHbBI

5 4
v; = Zsk+lvk,j(7,97s), T= (1 + Zskok>t, j=1,2,3, (9)
k=1 k=1
rie 0 = £3t, s = ', vy, j (7,0, 5) — noAIEKAINE OIPEIEICHHUIO 2-[IEPUOAUYECKHE 110 T (DYHK-
IIW¥, & TIOCTOSTHHBIE O} 33JaHbI PABEHCTBAMM
o1 =-1, 0o=1, o3=1v9—1, 04 = 219+ 1. (10)

Dyuxruu v1 (7, 0, $) IPenCTaBIIOTCA B BULE
o0
vy, = Z €n,;(8) expliw,T — iw30/3] + k.c., (11)
n=1

rae wy, = 7(2n — 1), a KOMIIIEKCHBIE aMILUIUTYIEL &,y ;(s), n > 1, j = 1,2, 3 ompenesnsiorcs u3
YCJIOBHIl Pa3PEIIUMOCTH COOTBETCTBYIOMIEH 3a/1a91 Ha IIATOM IIare.

IIpesmosnarasi, 9To Cpean KOMIUIEKCHBIX aMIUIHTYL &y, ;(S) HEHYJIEBOI SIBJISAETCS JIAIID O[HA
-5 KOMIIOHEHTa, TO eCTb & j(s) = 1;(s), &n;(s) = 0 mpu n # r, HoaydaeM CJIeyIOILyio
CHCTEeMY:
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dn,
ds
e v, = 4o + 2vpw? — wi/3.

HNcceioBanne aBTOMOJIENIBHBIX PEKUMOB cucTeMbl (12) mokasaso, 4To JaHHas 3a7ada
MOXKET UMETh YCTOWYMBBIE PEXKUMBI TPEX THUIIOB C OJMHAKOBBIMU AMILUIUTYIaMU |n1| = |12 =
|n3| u pasmocTsamu dba3 paBHbiMEA HyO, T 1 27 /3.

OCHOBHBIM pPe3yJILTATOM PabOTHI ABJIAETCA YTBEPKICHUE O COCYINECTBOBAHUN Yy yPABHEHUS

(7) npu momxomsiieM BbIGOpPE HAPAMETPOB JIIOOOrO HAIlEpeJ, 3aJaHHOTO YUCJA YCTONIMBBIX
[IMKJIOB TPEX THUIIOB.

= (yr + iwy)n; + 3d|n;*nj + 22em;—1, §=1,2,3, o =n3, (12)
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OF PERIODIC ORBITS

Boraesckasa B.T.!, Kamenko H. C.?

L fpocaasckuti 2ocydapemeenront yrnusepcumem um. I1. I Jemudosa,
Hpocaasav, Poccus; victory36@mail.ru
2 dpocaascruti 2ocydapecmeennviti yrusepcumem um. I I. Jemudosa,
Hpocaasav, Poccua; iliyask@uniyar.ac.ru

VipasjieHne yCTOWYMBOCTBIO MEPUOIUIECKUX PEIIEHUN sIBJISETCsl OJHUM W3 KJIIOUYEBBIX
BOIIPOCOB B 0DJIACTH MaTeMaTHYeCKOTro MozeaupoBaHusi. Hamnbosee mpocThbiM u 3(hPeKTUB-
HBIM METOJIOM, TTO3BOJISIIONINM JOOUTHCS X CTAOWIN3AINHA U IECTAOUIN3AINT 3aCTeT C1aboro
BHEITHETO BO3JACHCTBUS, SIBJISETCS METOI 3aIa3bIBaIONIero yupasienusa. B Hacrosimeil pabo-
Te ObLJI MCCJIEI0BAH BOIIPOC BJIMSAHUS [IAPAMETPOB JIMHEHHOIO 3ala3/IbIBAIOIIEr0 YIIPABIECHUS
Ha I[IOBEeJIEHNE DEIeHril B CUCTeMe BUJIA:

=024+ + K(z(t—T) — 2), (1)

IJle z — KOMILUIEKCHO3HAYHAsT (PYHKIWS; Y M 0 — HEKOTOPBIE 33/ IaHHBIE KOMIIJIEKCHBIE KOHCTaH-
Tol. [Ipu 9TOM 328 cueT HOPMUPOBKHU BPEMEHHN MOXKHO nobuthest Reo = :i:%. K = a+if — kom-
IJIEKCHBII IIapaMeTp, OIpeessomuil KO3 dUIMeHT 3a1a3pIBaomniero ymupasienus; 1 > 0 —
BpeMsI 3alla3/[bIBAHMUSI.

B upenmnosoxennu, aro cucrema (1) mpu K = 0 umeer ycroiiausyio (HEyCTOWIUBYIO)
[EePUOINIECKYI0 OpOUTY 24 (t) ObLia mOCTaBieHa 3ajada Halitu objacru napamerpoB K u
T > 0 Tax, 9T00bI 2, (1) CTAI0 HEYCTONYINUBBIM (YCTONYNBBIM).

st 3aaqu mectabumn3annn ObLIO TIOKA3aHO, YTO OHA UMEET PeIleHne JTaKe TIPU YCI0BUN
BemiecrseHHoro K.

3asada 06 yCTONIMBOCTH IEPUOANIECKON OPOUTHI ObLIa CBeIeHa K aHAJIN3Y 3aBUCHUMOCTH
PACITIOJIOKEHUsT KOPHEH XapaKTepUCTIHIECKOTO YPABHEHUS

u? — p2a(e™ ™ —1) — 2Req) + (e " — 1)(—2Reca — 2Reagn—vﬁ)+
ey
+ (e —1)2(®+8%) =0

OT IapaMeTPOB 3ala3/bIBAIOIIEr0 YIIPABICHUI.

Ananurudecku ObLIM HaiileHbI KPUBBIE, IIPU MEPEXOJie depe3 KOTOpbIe, B IJIOCKOCTH Ta-
pamerpoB («, ), U3MEHAETCs KOJIMIECTBO KOPHEHl XapaKTePUCTUIECKOIO YPABHEHUS C HOJI0-
JKUTEHLHOM BeIecTBEHHON JacThio. [lo/ydeHo, 9To Ipr HEKOTOPBIX 3HAUEHUSX Y U 0 JTAHHbBIE
KPUBBIE OIPAHUYUBAIOT 00JIACTH APAMETPOB, IIPU KOTOPBIX CTAOU/IN3AIlAsl BO3MOXKHA, IIPU-
geM 3Ta 00JIacTh eJuHCTBeHHa. Fe Hajmdue JIerKo IpoBepsieTcst 0Jiaromapst CyIecTBOBAHIIO
TOYHBIX AHAJUTHIECKAX (DOPMYJI, 33JAI0MNX YKA3AHHBIE TPAHUIIHI.

Takum obpazom, s 38298 CTAOUIN3AINN TTOJTHOCTHIO MCCJIETOBAH BOIIPOC €€ pa3pern-
MOCTH.

Pa6ota BeinosHeHa npu nojuepkke Poceuiickoro donia dbyH1aMeHTaIbHBIX HCCIe0Banuii (1po-
ext Ne12-01-31128 ) u rpanra IIpasurenscrea P@ mo nocranosaennio Ne220 “O mepax 1mo nmpusJede-
HUIO BEIYIMUX YIEHBIX B POCCUICKIE 00PA30BATEIbHBIE YUPEXKICHUS BBICIIETO MPO(eCCHOHATIBHOTO
obpazosanus’ no gorosopy Ne11.G34.31.0053.
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T-KUHKW B MMapaMeTpPUYeCcKN BO30Yy2KJI€HHOM ypaBHEHUU
cunyc-I'opmon

m-kinks in the parametrically excited sine-Gordon equation

Bypa B.111.

Spocarascruti 20cydapemeennonti yrnusepcumem um. 11 I Jemudosa,
Hpocaasav, Poccus; vburd1l@gmail. com

SHaunTeapHOE YUCI0 PABOT MOCBAIIEHO PA3BUTHUIO TEXHUKU TEOPUU BO3MYIIEHU IS CH-
creM, OJIM3KUX K MHTEIPUPYEMbBIM, B TOM YHCJIE JIJIS CHUCTEM, OJIN3KUAX K YPABHEHHIO CHHYC-
Topion (cMm. o630pHYytO cTaThio [1], a Tak:ke, Hanmpumep, paboTe [2,3]).

B crarbe [4] paccmaTpuBasioch TapaMeTpUIecKy Bo30yKIEHHOE GBICTPO OCIUILIUPYFOIIEit
nepronaeckoit (pyHkImeit ypasuernue cuuyc-lopaomn:

et (@, 8) — g (t,7) + f (2) sinu(t,z) = 0. (1)
3aech f(t) — nepuommveckas (YyHKIUs C HYJIEBBIM CPEIHMM 3HAYEHUEM U IIOCTOSAHHON aM-
IWIMTYIOH, € — MaJiblii IOJIOKUTEJIbHBIA napaMerp. B [4] npemioxkeH JIOBOJIBHO CJIOXKHBII
METOJ], IIOCTPOEHNs yCPEIHEHHOTO ypaBHeHus. B [10Kjaie mpejaraeTcs APYyroil MeTos Io-
CTPOEHUsI yCPeJIHEHHOrO ypasHeHns auis (1), IMEHHO CTaHIAPTHBIN MeToJ| ycpegHenust. st
[PUMEHEHUs] 3TOr0 MeTojia Hy?»KHO OT ypabHeHus (1) mepefiTu K 9KBUBAJEHTHON ypPABHEHUIO
(1) cucreme ypapHeHui

U =P — €Y (ﬁ) sin u, @)
Pt = Ugy + EQ (é) pcosu — %52 (<p (é))2 sin 2u,

rze yepes p(t) obosHavaerca nepuogudeckas PyHKIUS ¢ HYJIEBbIM CPEIHUM 3HAYEHUEM, JJIsi
KOTOpOI mpomssomHas ¢ (t) ymosmersopsier paseHCTBY ¢ (1) = f(1).

YcepenHeHHOe ypaBHEHHE NMEET B KAUeCTBE PENIeHUH T-KWHKU, KOTOPBIE SIBJISIIOTCS ITPHU-
GJIMPKEHHBIME DelleHnsIMu ypaBHeHns (1) nmpu MajbIx €.

B [4] ormedaercst, 9TO pe3yJbTaThl MOI'YT ObITH IPUMEHEHbBI K KBa3HOJHOMEPHBIM (heppo-
MarHETUKAM, KOTOPbIe HAXOJSATCS MOJ JIEHCTBAEM OBbICTPOOCIMIINPYIONIETO BHEITHENO Mar-
HUTHOTO 110J1s1. Hajimane m-KUHKOB OKA3BIBAET BJIMSTHUE HA JIBUXKEHIE JIOMEHHBIX CTEHOK (hep-
pPOMATrHETHKA.

IIpemokeHHbBI METO TTO3BOJISIET UCCJIEIOBATH YpaBHEHUsI cuHyc-l'opon ¢ bosee CI0XK-
HBIMU [aPAMETPUIECKUMU BO30Y XK IEHUSIMUA.

JINTEPATYPA

1. Kivshar Yu.S., Malomed B.A. Dynamics of solitons in nearly by integrable systems // Reviews
of Modern Physics. 1988. V. 61, No. 4, pp. 763-915.

2. Sakai S., Samuelsen M.R., Olsen O.H. Perturbation analysis of a parametrically changed sine-
Gordon equation // Physical Review B. 1987. V. 36, No. 1, pp. 217-225.

3. Kivshar Yu. S., Gronbech-Jensen N., Parmentier R.D. Kinks in the presence of rapidly varying
perturbations // Physical Review E. 1994. V. 49, No. 5, pp. 4542-4551.

4. Zharnitsky V., Mitkov I., Levi M. Parametrically forced sine-Gordon equation and domain wall
dynamics in ferromagnets // Physical Review B. 1998. V. 57, No. 9, pp. 5033-5035.
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O CUHI'VJIAPHO BOSMVYIIIEHHBIX 3AJTAYAX
C KPATHBIM KOPHEM
BBIPO2K/IEHHOT'O YPABHEHU A

ON SINGULARLY PERTURBED PROBLEMS
WITH MULTIPLE ROOT OF
THE DEGENERATE EQUATION

Byrtysos B. ®.

Mocxkosckuil eocydapcmeenmnviil ynusepcumem um. M. B. Jlomonocosa,
Pusuveckul paxyromem, Mocksa, Poccus; butuzov@phys.msu.ru

Acumnrorruieckue pasioXKeHus MOTPAHCIOWHBIX PEIEHUH CUHTYJIIPHO BO3MYIIEHHBIX 3a-
Jad B cydae, KOTJa IIPEeJIeJIOM PEIIeHUs TP CTPEeMJIEHIN MaJIoro napameTrpa K HYJIIO saBJIsd-
eTcsd KPaTHbBII KOPeHb BBIPOXK/IEHHOI'O yPaBHEHUA, KAYEeCTBEHHO OTJINYAIOTCA OT Pa3JIOXKEHUMI
B CJIy4ae IPOCTOr0 KOPHsI. DTU OTIUIHS MOYKHO YBUJIETh Ha IIPUMEpE KPAeBO 3a1adu

2
2%:f(u,:c,e), 0<z<1, (1)
u(0,e) =u’, w(l,e) =ut, (2)

rae € > 0 — wmaJgiblit mapamerp, f — 1OCTATOYHO ryiajkas (yHKIus. VI3BECTHO, 9TO ecju
BLIPO2KJIEHHOE YpaBHEHUE

fu,2,0) =0 3)

umeer npocToit Koperb u = @(z), u fy,(p(x),2,0) > 0 Ha orpeske 0 < z < 1, To IpU HEKOTO-
PBIX TpeOOBAHUAX K TPAHMIHLIM 3HadeHHAM v’ u u! 171 OCTATOYHO MAJIBIX € CyIIECTBYET

pererne u(z, ) 3amaan (1), (2) ¢ aCUMOTOTHYECKUM NTPE/ICTABICHAEM

n
u(z,e) = Zfi (@(93) +1L;(8) + Hi(’f)) +0 ("), (4)
=0
rie To(z) = p(x), Ui(x) — K03bDOUINEHTH PEryIspHOl 9acTH aCUMITOTHKY; § = Z/€ U
¢ = (1 — z)/e — norpancioiiabie nepemennsie, 11;(€) u II;(§) — norpannunble GyHKIWH,
9KCIIOHEHITUAJIBHO CTPEMsIIuecs K HyJo pu &, & — oo.
[Mycrs dyukuusa f(u,x,€) umeer Bu

flu,z,e) = h(x) (u - go(x))2 —efi(u,z,e),

rie h(z) > 0 Ha orpeske [0; 1]. B arom caydae ypasaenue (3) mMeeT JIByKPATHBIN KOPEHb U =
o(z). IIpm onpe/e/IeHHbIX YCIOBUAX, B TOM 4HCTe npu yeitosuax f(x) = fi(e(z),z,0) > 0,
u® > p(0), u' > (1), samaga (1), (2) uMeeT HOrpaHC/IONHOE pelleHne, TPEIEIOM KOTOPOTO
upu € — 0 za uaTepsase (0;1) sABseTcsa KOpeHb ¢(T), OAHAKO aCHMITOTHKA ITOIO PEIICHISs
KavgecTBeHHO orimdaercst ot (4) [1].

Peryssipaasi 4acTh ACUMITOTHKH SIBJISIETCsI TEIIEPh PSIIOM IO LEJIBIM CTEIeHsIM /£ (& He
€, Kak B (4)), a norpanndnbie GyHKIUU ONPEAETIAIOTCS HECTAHIAPTHBIM CHOCO0OM M 3aBUCIT
HE TOJBKO OT [OIDAHCJIONHBIX IIEPEMEHHBbIX & = T /e u E = (1 — x)/e, HO TaKkXKe U OT €.
Hanpuwmep, I1y(&, ) siBasieTcs pernerneM 3a1a9u

d?11,
dg?
o(0,¢) = u® — p(0), TIp(oo,e) =0,

= h(0) (II§ + 2v/zu1 (0)ITp) , & >0,
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= =1/ F 1/2
rae u1(0) = [A~1(0) f1(0)] /2 > 0.

Oynknus 1 (€, €) HAXOMATCS B IBHOM BUJE U, KAK MOKA3LIBAET AHAJN3, OHA OMUCHIBAET
TPH 30HBI MOTPAHUIHOTO CJIOST B OKpecTHOCTH Touku * = 0: B mepsoit 30me I1y(¢, ) yObiBaeT

1
¢ pocToM £ CTEIEeHHBIM 00Pa30M, Kak 5—2, [OTOM CJIe/LyeT Bropas (IIlepexoiHasi) 30Ha, a 3aTeM
(B Tperneii 3ome) Il yobiBaeT skcronenmuanbo, Kak exp(—x(), rae ¢ = '/4¢, .e. Bo BTOpOI
30HE TPOUCXOIUT U3MEHEHNEe MACIITada MOTPAHCIONHON mepeMeHHo# 1 XapakTepa yObIBaHUs
dbyuxmun I1H(€,e). Ocranbhble norpannyHble OYHKIUN TaKyKe HAXOIATCS B SIBHOM BHUJE U
BeayT cebsi aHaJOrmIHbIM 00pas3oM. [Ipu 5TOM morpaHWUYHBIE PsJIbl SBJISIFOTCS PSJIAMU I10

crerensim /4,
u
JobGasnenue B ypasHenue (1) wiena eA(x)d— U TakKe 3aMEeHa PAHMYHBIX yCIoBHi (2)
x

Ha yciosust HeliMaHa IPUBOIUT K M3MEHEHHIO XapaKTepa aCUMITOTUKH, B YACTHOCTH, K H3-
MEHEHUIO MACHITA00B IOTPAHCIOMHBIX MEePEMEHHBIX.

Amnajoruunble CHHTYJISPHO BO3MYIIEHHbLIC 33Ja49d B CJIydae KPATHOTO KOPHS BLIPOXKICH-
HOTO ypABHEHHUsl MCCIIEOBAHBL JIJIs Tapabosmieckux [2] n smmnruveckux [3] ypasHeHuii.

JINTEPATYPA

1. ByrysoB B. @. O6 0cOGEHHOCTSX IOIDAHUYHOrO CJIOsi B CHUHI'YJISIDHO BO3MYIIEHHBIX 3aJadax C
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O CUCTEME TUXOHOBCKOTI'O TUITA
B CJIVHAE KPATHOI'O KOPH#4
BBIPO2K/IEHHOT'O YPABHEHU A

ON A TYCHONOFF-TYPE SYSTEM
IN THE CASE OF A MULTIPLE ROOT OF
THE DEGENERATE EQUATION

Byrty3osa M. B.

Mocxosckuii zocydapcmsernmnis ynusepcumem um. M. B. Jlomonocosa,
Pusuneckuti gaxysvmem, Mocksa, Poccus; m.butuzova@mail.ru

PaccmarpuBaercs HadasbHast 33/1a4a JJIsl CHCTEMbI THXOHOBCKOI'O THUIIA
! /
€z :f(27y7m7€)7 y :g(zﬂy7x7€)7 0<$§X7 (1)

Z(07€) = ZO) y(O,E) = y07 (2)

Z M Yy — CKaJIIpHbIe (DYHKIUH.
B kmaccmaeckoit Teopeme A.H. Tuxonosa (cm.[1]) paccmarpusaercst ciywail, KOrja Bbl-
POKJICHHOE ypaBHEHIE

UMeeT H30JIMPOBAHHBIA KOpeHb z = @(Yy,Z), 9TOT KOPEHb SBJISETCA YCTONYMBBLIM, T.€.
f2(p(y,2),y,2,0) < 0, n HauUaIBLHOE 3HAUYeHHE 2" IPUHAIEKUT 06/IACTH BJIUSHUS STOTO KO-
Hs1. B 9TOM citydae mpu JIOCTATOYHOI IIaIKOCTH HpaBbix dacTeil cucremsr (1) 3amada (1), (2)
UMEET PEIeHne MOrPAHCIONHOrO TUIIA ¢ ACUMITOTUYECKUM DA3JIOKEHUEM BUJIA

Aw,e) =Y & (Zi(@) +TL2(9)),  ylw,e) =Y & (i) + My (9)), (4)
i=0

i=0
rie Zo(x) = o(Po(z), x), Jo(x) — pererne 3anaun
yé) :9(90@0@)7?079370), yO(O) :y()7

IL;2(€) u IL;y(§) — dyHKIMU NOrPAHUYHOrO CJI0sl, SKCIIOHEHIIMAJILHO YObIBAIOLIHeE P & — 00,
Z

¢ = — — morpascJoiiHasi epeMeHHas. dseHbl psja (4) ONpesessifoTcst MOCIeI0BATENBHO C
€

HoMOIIbI0 u3BecTHOro anropurMma A.B. Bacmibsepoit (em.[1]).
B nokiaze peus noiizer o 3amaqe (1), (2) B Tom cayvae, korpa dbyukiusa f(z,y, x, €) uMeer
BT

Fzy,2e) = —h(y,2) (2 — oy, 2))” + efi(z,y, 2,¢), (5)

rue h(y,z) > 0, u, ciuemoBareibHO, ypaBHeHue (3) wuMeer JBYKDATHbII KOPEHb
z = p(y,x). B aTOM Cityuae mpu onpeiesieHHBIX yeaoBusx 3agada (1), (2) tak:ke mmeer perre-
HUE IIOTPAHC/IONHOrO THIIA, HO XapaKTep ACUMITOTUKU KAYeCTBEHHO M3MEHSETCs. ACHMIITO-
TUYIECKOE PA3JIOKEHUE PEIICHNsl IIPOU3BOIUTCS Teleph He 10 IEJIbIM CTeleHsM €, Kak B (4), a
[0 CTENEHsIM /€, IPUYeM HOrpaHuYHble (PYHKIMU 3aBUCAT He TOJIBKO OT & = X/€, HO TaK¥kKe
7 OT €, & XapaKTep uX yObIBaHus npu £ — 00 O0Jiee CI0KHBI, YeM B CIydae MPOCTOr0 KOPHS
BBIPOXKJIEHHOTO ypasHeHust. OKa3bIBAETCsl, YTO B IIOIPAHUIHOM CJIO€ BOSHUKAIOT TPH 30HBI: B

c
TIepBO# 30HE MOrpaHUYIHbIE (PYHKINKA YOBIBAIOT TIpu & — 0O CTEMEHHBIM 00pa3oM, Kak E; BO

BTOPOI1 30HE ITPOUCXOIUT W3MEHEHUE XapakTepa yObIBaHUsI W MaciITaba IOMPAHCIONHON ITe-
PEMEHHOI U, HAKOHEIl, B TPeTheil 30He MOrpaHnYHble (DYHKIMHN YOBIBAIOT YKCIIOHEHITAJIBHO,
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x
kak exp(—x(), tme ( = /e£ = —=. Takum 06pazom, norpancaoitabie epementbe & u ¢ B

NG

[IEPBOI M TPEThel 30HAX UMEIOT Pa3HbIE MACIITAObI.

Eie omHOIT 0cOGEHHOCTBIO CIydasi ABYKPATHOIO KOPHSI BBIPOXK/IEHHOTO YPAaBHEHUS SBJIs-
€Tcsl TO, YTO TelepPb BayKHYIO POJIb UI'PAIOT cJjlaraeMble MOPSAIKa €, BXOJAIINE B IIPaByIO 9aCTh
(5), a WMeHHO, JJIsl CYIIECTBOBAHUSI IIOIPAHCJIONHOIO PEIIeHUsl ¢ ONUCAHHOM ACHMIITOTHKOI
TpeOyeTcsi, YTOOBI BBIIOJIHAIOCH HEPABEHCTBO

[1(Zo(2),Yo(x),2,0) —Z5(x) >0, 0<ax<X.

AJIropuT™M MoCcTpOoeHUsT ACUMIITOTUIECKOTIO PA3JIOKEHUsI ONPEIEJIEHHBIM 00PA30M OTJINYACTCS
ot crangapraoro ajaropurma A.B. Bacuibesoii.

ObocHoBaHME ACHMITOTUKU MIPOBOJIATCS C MMOMOIIBIO MeToa JuddepeHnuaibHbIX Hepa-
BEHCTB.

JINTEPATYPA

1. Bacuibesa A. B., Byry3zos B. ®@. AcuMmnrorudeckue METOALI B TEOPUM CHUHIYJISIPHBIX BO3MYIIE-
auii. M: Beicimas mkosta, 1990.
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HEKJIACCUYECKUE PEJIAKCAIIMOHHBIE IMNKJIBI
CUHI'VJIAPHO BOSMVYIIEHHBIX CUCTEM
C 3AIIA3B/IBIBAHVUEM

NON-CLASSICAL RELAXATION CYCLES OF
SINGULARLY PERTURBED SYSTEMS WITH DELAY

Laesur C. 1., Komxecos A.F0.2, Posos H. X.?

L fpocaasckuti 2ocydapemeeniont yrnusepcumem um. I1. I Jemudosa,
Hpocaasav, Poccus; glyzinQuniyar.ac.ru
2 dpocaascruti 2ocydapcmeennviti yrusepcumem um. I I. Jemudosa,
Hpocaasav, Poccua; kolesov@uniyar.ac.ru
3 Mockosckuti 2ocydapcmeennoti yrusepcumem um. M. B. Jlomonocosa,
Mocxea, Poccus; fpo.mgu@mail.ru

PaccmarpuBaercs crnenua bHBIN KJIACC PETAKCAIIMOHHBIX CHCTEM C OJHON MEIJIEHHON u
OJTHOM OBICTPOIT TIEpEeMEeHHBIMUI

= f(x,y), ey=I[9(z,y) —yt—h)y, (1)

rme 0 <e <1, h =const >0; f,g € C®(K), K ={(z,y) : © > —0p, y > =0}, 6o > 0. B
cucreme (1) meyienHas KoMoHeHTa (1) OHUCHIBAETCs OOBIKHOBEHHBIM AU dDePEeHIMAIbLHBIM
ypasHeHueM, a Obictpast y(t) — nuddepeHnuanbHbIM ypaBHEHUEM BOJBTEPPOBCKOTO THUIIA C
zanasaplBanueM h 1 MaJIbIM apaMeTpOM IPH IPOU3BOIHOM.

OcHOBHasI 11€J1b PAOOTHI COCTOUT B PACIIPOCTPAHEHUN TEOPUU HEKJIACCUIECKUX PeJTaKCally-
OHHBIX KoJieGanuit (cM. [1]) Ha cucrembl Buja (1). YaurbiBasi, 9TO HAC UHTEPECYIOT PeJiaKca-
IMOHHBIE ITUKJIBI 9TOH CUCTEMBI ¢ 0-06pa3HON KOMIIOHEHTOH ¥, TO OCHOBHBIE OTPAHUTCHUS HA
byukuuu f u g dopmynupytorcs mis 6ombinux 3HadeHuit y u npu y = 0.

VYeaosue 1. Ilpu y — +00 pasHOMEPHO NO T U3 1106020 3AMKEHYMO20 U 02DAHUMEHHOZ0
nodmmoscecmea nosyocu T > 0 cnpasediusv, aCuUMNMOMUMECKUE DASAOHCEHUS

bio) , ba(a)

a(z) = as(x)
” ) +..., (2

flr,y) =y ao(x)—l—T-i-yT—i—...}, g(z,y) = bo(z) +

gepHoie NPU QUPPHePEHUUPOSAHUY N0 T, Y 8 A1060M NOPAJKe U AH0O0E YUCAO PA3.
VYceaosue 2. Queypupyrowue 6 (2) xosfiuyuermos ag(x), bo(x) ydosaemsopsarom nepa-
8EHCMBAM

ap(zr) >0 V>0 bo(z) >0 npu x € (0,q1), bo(z) <0 npu x> q,

2de g1 — HEKOMOPAA MOAOHCUMEAOHAA NOCTNOAHHAA.
Ycaosue 3. Cuumaem, wmo f(z,0) <0 Vx>0, f(0,0)=0;
g(2,0) >0 npu 0 <z <g2, g(x,0)<0 npu x> qa, 2dege = const>0.

st (bOpMyJIMPOBKY CJIEJYIOIIEH cepur OrpaHUYeHMiT HaM OTpedyoTCs (PyHKIUN

x

o) = [ 20, ita.an) = [ 20

ao(s) f(s,

Zo

Ycaosue 4. Hatidemea makoe xg = zfy € (0,min (g1, ¢2)), wmo ypasnenue
Yo(z,20) =0 (3)
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npu xg = xf donyckaem pewenue r = i > max (q1,qz).

IIpuBeieHRHOE yCIOBHE MO3BOJISIET ONMPEJIEUTH OIHOMEPHOE OTOOPAZKEHNE, TTIOCTPOCHUE KO-
TOPOTO TIPOBEJIEM B J[BA ITAIIA.

Ha nepsoM srale npuMeHnM K ypasHeHuIo (3) B Touke (z, o) = (27, zfj) Teopemy o Hess-
HOW (DYHKIMHU 10 TIEPEMEHHON I, YCJIOBHsI KOTOPOH 3/1eCh, KaK HETPY/HO MOKA3ATh, 3aBEJI0-
MO BBINOJHsTIOTCsL. TakuM obpasoM, u3 (3) oqHO3HAYHO onpejensercs dbyHKus © = x1(xg),
z1(xh) = o7, upuuem

z1(xo) > max (q1,q2) Yo € [a,b]. (4)

3aech [a,b] C (0, min (¢1,g2)) — HEKOTOPBIHA OTPE30K JOCTATOYHO MAJION JJINHbL, NMEIOIINI L
cBoeit BHyTpenHeir Toukoii. Ha Bropom sTame obparuMcs K ypaBHEHHUIO

) = [ 55, (5)

ap(s)

cuanTasi, uTo xo npoberaer dburypupyomuii B (4) orpe3ox [a, b], a x1 = x1(zg) — dyHKIMA B3
(4). Hanee, HETPYIHO YBUIETD, 4TO
0 0
%(m,xl) >0 npu = > ga, %(:};xl) <0 upu z € (0,q2),
v (z, 1) = 400 npu x — +0.

(6)

A orciona ¢ yueToM HepaBeHCTBA
Ty

ds
/ sy (7)
ao(s)
Zo
U OLIEHKU X1 > ¢ (cM. (4)) 3akiiouaem, uro ypasaenue (5) umeer Ha unTepsate 0 < < ¢a

€JIMHCTBEHHOE perenne & = x2(xo). Tem cambiM, Ha oTpeske a < xog < b KOPPEKTHO OIpesie-
JIEHO OJTHOMEPHOE 0TODparkeHue

def
To — ¢<$0) = .1'2(1‘0), (8)
puYeM, KaK HETPYIHO IIPOBEPHUTH, ClpaBeuiuBbl cBoicTa ¥ (xg) > 0, o) (xo) < 0 Vo €
[a, b].
Ycnosue 5. IIpednosazaem, wmo snavenue To = i us ycaosus 4 A6AAEMCA IKCNOHEH-
YUGABHO Yemoluusol 1enodsusicrol mowkol omobpasicenus (8), m. e.

W(zy) =z, Y(xf) < 1.

Jitst hopMyIMpOBKY OrpaHnIeHNs] Ha BeJIMUNHY 3alla3/IblBaHus i 06paTuMCs K aHAJIOI Y-
HoMy (D) ypaBHEHHUIO

7(z,21) =0 9)

upu 1 = x1(xg), Zo € [a,b]. I3 ormeuennbIx Bolmte cBoiicTB (6), (7) BBITEKAET, 9TO ypaBHEHIE
(9) mmeer Ha unTepBase 0 < x < gy €IMHCTBEHHOE pelnenue x = 3(Tg), Takoe 910 3(xg) >
zo(z0) Yo € [a,b)].

VYcaoBue 6. Cuumaem, 4mo

" ds
h<h, - / = 10
| 7.0 1)
20e xh = x3(xy).
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Bce nepeunciiennble orpanundenns Ha f, g orHOcaTCs K ciydasam y > 1 u y = 0. B cBoro
0Yepe/ib, 3aKTI0UNTEBHOE YCAOBHUE IIPEICTABIISET COOOM CBA3YIOIIEe 3BEHO MEXK Y OOJIBITTIMEI
U MAJILIMU 3HAYCHUSIMU Y.

YcaoBue 7. B moukar £ = Tj U T = T], 0 KOMOPHIT 2060pUMCA 6 Ycrosuu 4, umerom
MECTMO HEPABEHCTNEA

9(xg,y) >0, g(z1,y) <0 Vy=0. (11)

[Momuepkuem, uro orenku (11) 3aBemomo cupasemyusel npn y < 1 u y > 1. Ilpu ocrans-
HBIX K€ 3HAYEHUSX Y MX BBIIOJHEHUs IPUXOINTCS TPeOOBATH.

TlepeiizieM K BOIPOCY O CYIIECTBOBAHUH y cUCTeMBI (1) 9KCIOHEHIMAIBHO OPOUTAIBHO
ycroiiunsoro (B Merpuke daszosoro npocrpascTsa R x C[—h,0]) perakcar@moHHOrO KA
uMITyIbcHOrO THta. [lepes hopMyIMpOBKO COOTBETCTBYIONIErO YTBEPKICHUST BBEJIEM B Pac-
CMOTPEHUE BEJNINHbBI

z] zy
ds ds
T*:_/7>h*7 yl*n :/ >07 yrﬁlax:’yo qlaw* >0
f(S, O) t ao(S) ( 0)
z5 x5

u GyHKIUIO T, (t), ABIAIONyIOCs peleHreM 3aaa4qu Komu
z = f(z,0), x|=0 = x7.

Teopema 1. Ilyctps BeimosiHeHb! ycaoBus 1 — 7. Torga HaiigeTcss TaKoe JOCTATOYHO MAJIOe
gg > 0, uro upu Becex 0 < € < g¢ y cucrempl (1) cymecTByeT 9KCIOHEHIIHAIBLHO OPOUTAIBHO
yeroituusbli pejakcanuoHubii Uk (T4 (6, €), y.(t,€)) mepuona Ty (g), npuduem y.(t,e) > 0,
¥+(0,¢€) = 1. st aroro nukJia ClpaBelyIuBbl IPEJEIbHbIE DABCHCTBA

t.(€)
lim T, (e) =Ty, lim / yu(t, €)dt = yii s,
e—0

e—0

;1_% max (e4(£:9)) = Bhas: ;l—% §1§térjl“?j(5)—§2 [@:(t,€) = . (B)] = 0

¥ OLleHKa BHUJA max yu(t,€) < My exp(—Ma/e), My, My = const > 0. 3xecsh t.(e) =
01 <t<Tx ()02

O(eln(1/e)) — mepsslii mOJMOKATENBHBIH KOPEeHb ypaBHEHHs Y. (t,€) = 1, a mocrosiHHbIE d1,

da € (0,T./2) npousBojbHO (PUKCHPOBAHBI.

TeMm caMbIM yCTAHOBJIEHO, YTO IIPU BbIIOJHeHUH ycaoBuil 1 — 7 B cucreme (1) cymecryer
YCTONYUBBIN PeJIAKCAIMOHHBI [UKJI, KOOpAMHATA Z4(t,e) KoToporo mpu £ — 0 cxomurcs
[OTOYEYHO K HEKOTOPOii pa3pbIBHOI (bYyHKIWMHK, a KoopauHaTa Yy (t,e) sBisiercs 6-06pa3HOil.

Tlorygennbie pe3yabTaThl WIIIOCTPUPYIOTCS HA Psiie TPUMEPOB U3 IKOJIOTUU U TEOPHUU
JIa3epoB.

JINTEPATYPA

1. Kostecos A.FO. Crieniudpuaeckue peslakCarioOHHbIE IUKJIbI CAHTYJISIPHO BO3MYIIIEHHBIX CUCTEM THIIA
Jlorku-Bonbreppa // Wss. AH CCCP. Cep. marem. 1991. T. 55, Ne 3. C. 515 — 536.
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O ITIAPAJTIOKCAX IIEHJIEBE
ON PAINLEVE PARADOXES

NBanos A.Il.

Mockoscruti gusuro-mexnuseckutds uncmumym (2ocyrusepcumenm,),
Lonzonpyonwit MO, Poccus; apivanov@orc.ru

B 1895 roxy 6pim omy6ankoBanbl «JIekin o Tperun» [1], B koropeix II. Iensese npu-
BEJI, B YACTHOCTH, PsIJ] IPUMEPOB HEKOPPEKTHOCTH YPABHEHU T JTUHAMUKN CUCTEM C KYJIOHOBBIM
TpeHueM. DTHU PUMEPHI HECYIEeCTBOBAHUS MJIN HEEIUHCTBEHHOCTU PEITIEHUs, BIIOCJIEICTBIUN
Ha3BaHHBIE ITapajiokcamu llemnsieBe, 06CyKIAJINCh MHOTUMU M3BECTHBIMU yYEHBIME, IPEIJIO-
JKUBIIIIMH PA3JIMYHbIE METO/IbI [IPEOJIOJIEHNS TapaIOKCAIbHBIX cuTyanuii. B mokiage obcyxk-
JTAeTCsl COBPEMEHHOE COCTOSIHUE JTAHHOU IIPOOJIEMBI.

JINTEPATYPA

1. Ilensese I1. Jlexkuu o Tpenuu. M: T'ocrexreopusmar, 1954.
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YCTONMYNUBOCTH ABTOMO/JEJIbHBIX PEIIIEHUN
JJIA OTHOU JIASEPHOM CUCTEMBI

STABILITY OF AUTOMODEL SOLUTIONS
OF ONE LASER SYSTEM

Kamenko A. A.

Hpocarascruti 20cydapemeennoili yrusepcumem um. I1. I Jlemudosa,
Hpocaasav, Poccus; sa-ahr@yandex.ru

Pacemorpum mozgesns FDML stasepa, npeioxkennyto A. I Biiagumupossim,

A+ (1 —iA)A = frel G124t — 1),

G = A(go—G—GlAP). (1)

3mech Bce mapaMmeTphl geiictBurenbube, 0 < kK < 1, v > 0, gg > 0, ke > 1, mapamerp €
MOJIOXKUTEJIEH U jtocTaTodno Mait 0 < ¢ < 1.
Hazosem I'(k, go) — MHOXKECTBO TOUeK (p?,§), YIOBIETBOPSIONHIX PABEHCTBY

2 _ 90
1) —nexp<1+p2>—1

O6ozHaunM 3a ) KOpeHb ypaBHEHUSI

. (1—ia)go . )
6+1= — — i)
i+ \/Eexp<2(1+p2) i),

upuHagyiexkammuii nosyuarepsadiy [0, 27). O6oznauum 3a § = 0(e) Takyro GyHKIHIO CO 3HAYE-
HugME 13 nostyunarepsana [0, 27), aro 6 + (A + §) /e maneno memurca Ha 27.

Teopema 1. Ilyctp TOUKA (p2,5) npuHagexxuT MHOKecTBY 1'(K, go). Torma jurs kax-
JIOTO HATYPaJbHOTO M. CyIecTByeT Takoe €y > 0, uro npu € € (0,e0) y cucremsr (1) ecrp
aBTOMOJIEJTBHOE PEIIIeHHE

A = (p+ E’U)6i((A+5)/E+9+Q+27rn+sd)t7
W @
1+ (p+ev)?’

e pyuknmn v(e) u d(e) orpanumdensr upu € — 0.

WccenenoBana ycTOMINBOCTD JaHHBIX perteruii. [loydeHb HeOOXOMMMbBIE U JOCTATOTHBIE
YCJIOBHSI YCTOWYIUBOCTH OTJICJILHBIX DEIIeHUil U UCCIIe0OBAHA MeOMETPHUsI 00JIacTell yCTonIu-
BocTH Ha KpuBbix (K, go).

1. IIpu o = 0 yna/1och MOTHOCTHIO PENTUTH 33/Iady.

1.1. Hdokazano, uro ua kpusoii I'(k, gg) moxer 6b1Thb 0,1,2 miau 3 06s1acTi yCTONYUBOCTH.

1.2. O6sacTy yCTOYMBOCTH CUMMETPHYIHBI OTHOCHTEILHO OCH 2.

1.3. O6nacts mapaMerpos (k,gog) AHATUTUYECKH DaslesieHa Ha HOM00JIacTH, B KOTOPBIX Ha
kpusbix I'(k, go) conepxures 0,1,2,3 obracreil ycroituusocru.

2. B ciyuae o # 0 quHamuka cucremsl (1) Gorade. B gacTHOCTH, Ha OCHOBE aHAJINTHYE-
CKUX ¥ YUCJIEHHBIX UCCJEJOBAHMIA TTOKA3aHO, ITO
2.1. O61acTh YCTOMYUBOCTH MOXKET OBITH KAK CUMMETPUYHA, TaK U HECHMMETPHIHA OTHOCHU-
TeIbHO ocu 2.

2.2. 3a cuer u3MeHeHHs HapaMeTpa ( MOYKHO CTabUIIN3UPOBATE (J1eCTabNIN3npOBATh) HEYCTO-
qupoe (ycroitunsoe) npu o = 0 pernenue.
2.3. Eciim § # 0, 10 cymecrByer Takoe oy = g(d), 4TO 1IpU BCEX (v TAKHUX, 49TO |a| > «p,
pemtenue (2) ypasaenus (1) HeycToldmuBo.
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HOPMAJINM3AIINA YPABHEHU A C BOJIBIIIVM
1N OYEHD BOJIBIIIVM 3AITA3/IBIBAHUEM

NORMALIZATION OF EQUATION WITH LARGE
AND VERY LARGE DELAY

Kammenko H. C.

Spocarascruti 20cydapemeennonti yrnusepcumem um. 11 I Jemudosa,
Hpocaasav, Poccus; iliyask@uniyar.ac.ru

Pemmaercst 3aJlava UCCJIeJOBaHUA J'IOK&.J'H)HOI‘/'I7 B OKPECTHOCTH HYJIEBOI'O COCTOAHUA PaBHOBE-
CUd, TMHAMHUKN ,HI/I(l)(I)epeHHI/IaJH)HOI‘O YpaBHEHN IIEPBOI'O IIOPsAJAKa C ABYM 3alla3IbIBaHUAMU

tt+x=ax(t—"T1)+bx(t—Ts)+ f(z,z(t — T1),z(t — T2)).

OcHOBHOE TIPEIIIOJIOKEHNE PADOTHI COCTOUT B TOM, 4TO 00a 3ala3bIBAHUS ACHMIITOTUIECKH
BEJIMKY, IPUYEM OJIHO IO MOPsi/IKy OoJibiiie Apyroro. IlycTs BbIOSIHEHO

Ty=c1 To=(c?), ¢>0, 0<ex 1.

Henuneitnyio dyukuuio f(x,y, z) 1y 1pocToThl 6yJeM CYUTATH 3aBUCAIIEH TOIBKO OT ePBO-
ro aprymenta: f(z,y,z) = f(z). B okpectHOCTH HyIIst ee yuoOHO pas3iiokuTh B psal Teitsopa

f@) = fox® + faz® + ...
SameHoii Bpemenu t — te ! nepeijieM K ypaBHEHUIO
et 4+x=ax(t —1)+b(t — (ce)™') + f(x). (1)

Juaamuka cucrembl (1) BOIM3M cTanMOHAPA B TJIABHOM OIPEEJISIETCS PACIIONOXKEHUEM
KOPHeil XapaKTepUCTUYECKOI'O yPaBHEHUS

e+ 1 =aexp(—A) +bexp(—A(ce) ™). (2)

ITpu |a| 4+ ]b] < 1 1 OCTATOYHO MAJIBIX € BCE KOPHHU ITOIO YPABHEHHsI MMEIOT OTPUIIATE IbHBIE
BEIeCTBEHHBIE YaCTH, T.e. Bee pemenns (1) W3 HEKOTOPOH OKPECTHOTH HYJIEBOTO COCTOSIHUSI
paBHOBecHs cTpeMsaTcs K HyJo. B ciaydae |a| + |[b] > 1 u upu 10CTaTovHO MaJjbIX 3HAUEHUSIX
¢ ypaBHeHHe (2) MMeeT KOPeHb C MOJOKATEIHHON BEIECTBEHHON YaCThIO, 3a/1aUa CTAHOBUTCS
HeJIOKAJIbHOM — B MaJsoii (HO He 3aBUCSIIEH OT €) OKPECTHOCTH HyJIsl HE CYIIECTBYET yCTOM-
YUBBLIX PEKHMOB.

Takum obpazom upu |a| + |b] = 1 BosHuKaeT Kpuruyueckuii cirydaii: y ypaBaenus (2) ne
CYIIECTBYET KOPHEH C IOJIO?KATEJIbHON BEIIECTBEHHON 4acTbIO, U CYIIECTBYIOT KOPHHU, Belle-
CTBEHHAs 9aCTh KOTOPBIX CTpeMHTCA K HyJto ipu € — 0. Kak mokaszamno, Takux Kopueii 6ecko-
HEYHO KOJUYECTBO, T.€. Mbl HIMEEM JI€JI0 ¢ KPUTHYECKHUM CJIydaeM GECKOHEUHON pa3MepHOCTH.

[Monoxkum a = ag + £2bgay, b = by + £2bgby, |ao| + |bg| = 1. Pacemorpum cirywait ag > 0,
bo > 0. O6oznauum gonosauTenbHO yepes () € [0,1) snauenne, ponomusiomee (ce)~! mo
EeJIoTO.

IIpeacraBum x B Buje GOPMATHLHOTO ACUMITOTHICCKOTO PsIIa,

z(t,e) = 2u(r,r,s) + e'wa(r,s,7) + ..., (3)
riae 7 = ce3t, v = (1 +ech(e) — e2cby (1 + apch(e)) 4 e3cby *(ag — cB(e) + a3cby 10(e)))t, s =

e(c—eapc?byt +e%(agc®by® — by '))t, a wa(r, s, T) IEPHOAMYHA IO TIEPBBIM JIBYM apr'yMEHTaM
¢ mepuosiom 1.
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THoncrasum (3) B (1) u Gymem HOCIEI0BATEIBHO IIPUPABHUBATL KOIMQMUIMEHTHI TIPU 011~
HAKOBBIX CcTeneHsx ¢. Ilpu e? mosryunM ypaBHeHIE OTHOCHTEILHO To, HEOGXOAUMBIM 1 JOCTa-
TOYHBIM YCJIOBAEM PA3PEINMOCTH KOTOPOTO B IIPOCTPAHCTBE MIEPUOINIECKUX (DyHKIHI Oymer
cienyloliasd KpaeBas 33/1a4a

Ou  apc® 8%u 1 2a0ch  apc?0? 0%u  apc 0%u B
o~ 2w 952 TGt o T Ty Jar T e L Dgrgs T @ Thut fawt (4)
u(r,r,s) =u(r,r+1,s) = u(r,r,s + 1). (5)

Kpaesas zamada (4), (5) siBasieTcss KBA3MHOPMAJIBHON (HOPMOIi J7Isi MCXOJHOTO YPABHEHMsI
(1) B paccMaTpuBaeMOM KPATHIECKOM CJTyHae.

Teopema. Ilycrs npu xekoropom 0 = 6y ypapuenue (4), (5) umeer onpenesnennoe npu
Beex T > 0 pemenne ug (7,1, s). Torma npu gocrarouno MaJbix € ypapaenue (1) umeer acuMmi-
TOTHYECKOE 110 HeBsI3Ke ¢ TOYHOCTHIO 10 o(1) perenne xo(t, &)

wo(tex) = equo(ex (1 +o(1))t, (1 + o(1))t, e (1 + o(1)1),

IJie MOHOTOHHO CTPeMAMIasICss K HYJIIO IOCJIEJOBATEIbHOCTD £) OIPeAesIsIeTCsI U3 PaBeHCTBa
0(6 k) = 00.

B ocraBmmxcs ciayvuasx aHAJOTHYIHBIE TTIOCTPOEHUS TAK¥Ke MMEIOT MeCTO. B KadecTBe KBa-
3UHOPMAJILHOM (GOPMBI MBI OyIeM MOJIyYaTh TapaboJInIecKoe YpaBHEeHNE C IBYyMs TPOCTPAH-
CTBEHHBIMU IIepEMEHHBIMY, C IIEPUOIMUECKAMU NJIN AHTUIIEPUOJNIECKUMI KPAaeBbIMU yCJIOBU-
sIMH, B 3aBUCUMOCTH OT 3HAKOB ag U bg.

Pabora Bemosnaena npu nogepxke Pocentickoro dorma GyHIaMeHTaIBHBIX NCCIEA0BAHMN (TIPO-

ext Ne 12-01-31128) u I'panra IIpesunenra PO (Ne 14.124.13.5948-MK).
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JUNHAMUWUKA YPABHEHUA C MAJIBIM
ITPOCTPAHCTBEHHO-PACITIPEAEJIEHHBIM
YIIPABJIEHVEM

THE DYNAMICS OF ONE EQUATION WITH SMALL
SPACE-DISTRIBUTED CONTROL

Kamenko C. A.

Hpocaascruti 2ocydapemeennoiti ynusepcumem um. 11. I Jemudosa,
Hpocaaeav, Poccusa; kasch@uniyar.ac.ru

Uccemyercst BiusiHrE MaJIoOro MpOCTPAHCTBEHHO-HEOIHOPOIHOIO YIIPABJICHUST HA JTMHAMU-
Ky HeJIMHEWHBIX cucreM ypasHenmit. Ocoboe BHUMAHUE YIEJIEHO U3yYEHUIO JIOTHCTUIECKOTO
ypaBHeHUs1 ¢ 3amna3jpiBanneM. OCHOBHOE CONEpXKAHUE JIOKJIaJIa COCTOUT U3 JByX dacreil. B
[EPBOIl YACTH PACCMOTPEHA, CUTYAIUsl, KOIJIa JIOTMCTHYECKOe yDaBHEHHE C 3alla3/iblBAaHIEeM
UMeeT YCTONYUBBIN peIaKCallMOHHbBIN 1UKJI. [JoKa3aHo, YTO pe3yJIbTaToOM MAJIOrO YIIPaBJIsIIO-
IEr0 BO3JIEHCTBUSI MOXKET OBITH IOSIBJIEHUE CJIOXKHBIX PEJIAKCAIMOHHBIX O0bEKTOB: OOJIBIIIO-
o YuCjIa Pa3juYIHBIX aTTPAKTOPOB. Bo BTOpOIT yacTu ucciemryercs JOKaJbHAsT IUHAMUKA B
OKPECTHOCTH COCTOsIHUSI PABHOBECHUS B CiIydae, OJIM3KOM K KPUTHIECKOMY B 3azade 00 yCToi-
YUBOCTH. DTOT KPUTHIECKUI CIIydail nMeeT ,,6eckoneIHyo pasmepHocThb. [TocTpoenst crieru-
aJIbHbl€ KBa3NMHOPMaJIbHbIE Cl)OprIbI, HeJIOKaJIbHasd JUHaAMUKa KOTOPBIX OIIpe/Jae/IdeT JIOKaJIbHOe
[OBeJIeHIe PENIeHnil NCXOIHOTO ypaBHeHus. B 3akiroueHnn chopMyIMpoBaHbl HEKOTOPBIE pe-
3yJIBTATHI, TOJIyIYeHHbIE HA OCHOBE YMCJIEHHOTO aHAJIA3A.
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OIITUMAJIBHOE VIIPABJIEHUE IIOBEJIEHUEM
PEIIIEHUIT HAYAJIBHO-KPAEBOI 3AJTAYN,
MOJIEJINPVIOIIEN JTMUHAMUKY PYKHI
TEJECKOIIMYECKOT'O MAHUIIYJIATOPA

OPTIMAL CONTROL OF THE BEHAVIOR OF
SOLUTIONS OF INITIAL-BOUNDARY-VALUE PROBLEM
MODELING THE DYNAMICS OF THE HAND OF
TELESCOPIC MANIPULATOR

Ky6emukun E.I1.!, Tpsaxos M. C.2

L Ipocaascruti 2ocydapemeenmmts yrnusepcumem um. I1. I Jemudosa,
Hpocaasav, Poccus; kubyshQuniyar.ac.ru
2 fpocaascruti 2ocydapecmeennviti ynusepcumem um. I1 I Jemudosa,
Hpocaasav, Poccusa; mikhail.tryakhov@gmail. com

PaccmarpuBaercs ciefyionias HeJIMHERHAS HAYAJIHHO-KPAaeBas 3aa4a

l
16 — / (b+ l—21)ug (1, t)dey + 200(b— 1 — 1/2) = M(¢), (1)
0
[ —6%(b+1—1/2) = F(t), (2)
Ut + Ugzgr = (b+1 — x)@ + 2i9, (3)
Umc(o t) = Uzmm(o t) = O,U(l,t) = um(lvt) =0, (4)
6(0) = 90,9(0) = 01,1(0) = Iy, 1(0) = I3, u(z,0) = up(x), ut(x,0) = w1 (2).(0 <z <ly) (5)

(0
orHOocuTesbHO byHKuIMiA 0 = 0(t),] = I(t
1,0 <t < T}, vae M(t),F(t) € Lo
HOJIO’KUTEIbHBIE TTAPAMETPHL.

HauanbHo-kpaesas 3ana4a (1) - (5) npuseieHa B 6e3pa3MepHBIX [IEPEMEHHBIX 1 OIIUCHIBAET
JUHAMUKY DYKH TEJIECKOIIUIECKOr0 MaHUILYJIITOpa. PyKa ob/iasaer yupyruMu CBOWCTBAMHU,
nmmveer Ry [(t) T MOJKET OJJHOBPEMEHHO COBEPITATEH TOBOPOT U MPSIMOJBHEHOE TBUKEHIE
1o JeificrBrueM MoMenTa BHeInHuX cuit M (t) u cuitst F(t). Beisox ypasuennii (1) - (3) nmeercs,
HampuMep, B MoHOrpadum [1].

Jia naganbao-Kpaesoit 3amadn (1) - (5) cdopmyauposano nonsarue 00OBGIIEHHONO pe-
NICHUs C BBEJEHHEM COOTBETCTBYIOIMX (PYHKIMOHAJIBHBIX HPOCTPAHCTB M HMHTErPAJIbHOIO
COOTHOIIIEHUSI, OMPEIEISIONEero oboodmennoe pernrenne. JIoKa3aHbl TeopeMa CyIeCTBOBAHUSA
U €IMHCTBEHHOCTH PENICHHsI, TEPEMa O HENPEPBIBHOM 3aBUCUMOCTH PEIICHUS OT HAYAJIBHBIX
YCJIOBHII U IAPAMETPOB yPABHEHUS, 00ECIIEINBAIOIIIE KOPPEKTHOCTD IIOCTABJICHHON HAYAIBHO-
KpaeBoit 3aauun. [IpeyIozKeH UTepPAaIMOHHbI aJIrOPUTM TOCTPOEHUsT O0OBIIEHHOr0 PeleHust
KaK IOCJIEeI0OBATEIbHOCTH PElleHHil JTMHEHHBIX HAYaIbHO-KPAEBBIX 3aJa4 C IepeMeHHOI rpa-
HULIEl, pelenre KOTOPbIX PacCMOTPEHO B pabore [2].

st HauanbHO-Kpaesoii 3aa4n (1) - (5) pelens! cienyommme 3a/1a491 ONTHMAJIBHOTO yIIPaB-
JICHUSI.

Banmaua 1. Onpegenurs Qynkmun M (t), F(t) € La(0,T), nepeBogsinue pernienne Haqa b
Ho-Kpaesoit 3axaqn (1) - (5) uz Havanbnoro nosoxkenus (5) B KoHeuHOE

) > 0nu = u(z,t) obmactu Q;r = {0 < z <
(O T),J0)=Jo+1/3+ b+ D[b+1)—1]>0,Joubd

H(T) = HOT, G(T) = 61T, l(O) = lOT, l(O) = llT, u(x,T) = uOT(m),ut(x,T) = ulT(x) (6)
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0<z<Ir=UT))

B 3aJJaHHBIH MOMEHT BpeMeHd 1 U MUHHMU3UPYIOIIHE (DyHKIHOHAT

2 2
O(M, F) = [IMO7,0,7) + IFONL,07) -

Sanmava 2 (3agaua 6weictponeticrsust). Onpegennrs dyukmun M(t), F(t) € L2(0,T),
O(M, F) < L < o0, mepeBoJsiiue periieHne HadaabHO-Kpaepoit 3agaqan (1) - (5) u3z (5) B (6)
3a MuEHEMAJIbHOE Bpems T

IIpu pemenwn 3a7a41 1,2 noKa3aHa yHpaBIsieMOCTb DEIIEHUSIME HATATBHO-KPACBOH 3a-
naqu (1) - (5), chopMynupoBaH IPUHIUII MAKCUMYMA, [IPEJJIOKEH UTEPAIMOHHbIA aJropuT™
IIOCTPOEHU A OIITUMaJIBHOI'O YIIDaBJI€HU, OCHOBAHHBINA Ha peniennn 3a/ia4 yluupaBJjeHud i pe-
KYPPEHTHOIH T10C/1€J0BATEIbHOCTH JIMHEHHBIX HAYAIbHO-KPAEBBIX 3a1a4. JIJIsl 9TOro UCIoIb3y-
€TCsl METOJMKA PAbOTHI [3], OCHOBAHHASL HA CBEICHUN 33189 yIIPABJICHUS [IOBEICHUEM PElIeHUi
HaYaJIbHO-KPAEBBIX 33184 [IJIsI THOPUIHBIX cucTeM auddepeHInaabHbIX YPAaBHEHU K mpobJte-
Me MOMEHTOB B COOTBETCTBYIOIINX (DYHKIUOHAJBLHBIX MPOCTPAHCTBaX. MUHUMAJILHOE BpEMs
T, Ipu 3TOM, HAXOAUTCA UTEPAIMOHHO KAK KOPEHb HEKOTOPOTO HeJIMHEHHOro ypasHenus. [Ipo-
BEJIEH IMCJIEHHBIH SKCIIEPUMEHT JIsl PA3JIMUHBIX XapaKTePHbIX 3HadYeHnil napamerpos (1) -
(3), HAYATIBHBIX U KOHEYHBIX yCJIOBHIA.

JINTEPATYPA

1. Yeproycoro @.JI.,Boromwnux H. H.,I'padeyrut B.I. MaHumynsiuoHHbIe POOOTHI: JUHAMHUKA,
yupasnenne, ontumu3anus. M.: Hayka, 1989.

2. Tpsaxos M C. Ilocrpoenne 0600IIIEHHOIO PeIlleHrs OJ[HON HaYaIbHO-KPAEBOH 3a/1a41 C I€PEMEeHHOI
rpanungeit // Becrauk HHI'Y yu-ta um. H.U. Jlo6agesckoro. 2012. Ne 5(2). C.219-221.

3. Ky6punknu E. I1. OntnmanbHOe yIpaBaeHue OBOPOTOM TBEPOTO Teja ¢ THOKUM CTepkHeM //

IIMM. 1992. T. 56, Ne 2. C. 240-249.

26



Meotcoynapoonasn xongpepernyusn «Heaunetinais OUHAMUKG U €€ NPUAOIHCEHUAS

CIEHAPUN JIAHIAV-XOII®A 1 HEKOTOPHIE 3AJTAYUN
3 TEOPUU YIIPYION YCTOMYNBOCTU

LANDAU-HOPF SCENARIO AND SOME PROBLEMS
FROM THE THEORY OF THE ELASTIC STABILITY

Kymukos A. H.

SHpocarascruti 20cydapemeennoiti yrusepcumem um. 11 I Jlemudosa,
Hpocrasav, Poccus; anat_kulikov@mail.ru

[Mupoko m3BecTeH creHApHil epexona K TypOyJIeHTHOCTH, peiozkeHHbiit Jlanmay [1,2].
Ananornunsrii crienapuii 6611 npesioxken Xomdowm. B pabore [3] npusesen npumep ero pea-
smzanyu. Hike nmpuBejieHa HeJIMHEHAsT KpaeBasi 3aJ1a4a, KOTOPasi MOYXKET CJIY?KUTh MaTeMa-
THUYECKOI MOJIEIbI0 Kojie0aHuii TpyObl, TPaHCIOPTUPYIONIEH KUJIKOCTh, & TaKxKe KOJebaHumit
TOHKOT'O IIIJINH/IPA B OCECHMMETPUIHOM MOTOKE 2KUIKOCTU. DTa MATEMATUIECKAS MOE/h ObI-
na mpeggioxkena B padorax M. Ilaymocuca, @. Xommca, Txx. Mapcaena (cm., Hanpumep, [4],
a TaKKe CIIUCOK JINTEPATyDPbI B 3TOi MOHOrpadun).

Tlocsie epeHOPMUPOBOK MHTEpECYIOIasl HAC KpaeBasl 3ajada MOXKeT ObITh 3allicaHa B
carenytonieM suje [5-6]

Wit + Werrzx + 252/{1’11)25 + 25252wthww + 527[11)1 + (.’13 - 1)wx;v] + €C2www+
1

i (1)

teBewyy + eactw, = e2wyan [wide 4+ as [ wywgdz],
0 0

w(t,0) = w(t,1) = wee(t,0) = wee(t,1) = 0. (2)

3aech K1, Ka, Y, ¢, B, a, a1, g — NOJIOXKUTEIbHBIE HOCTOSHHBIE, € — MAJIbI HEOTPUIATE/ILHBII
napamerp. Hesuneiinas kpaesas 3azgada (1),(2) umeer cocrosaue pasaoBecuss w = 0, jjist
HCCIIEOBAHNSA yCTONYUBOCTH KOTOPOTO B IIEPBOM IPUOJIMKEHAN CJIEAYET PACCMOTPETH JIMHE-
apU30BAHHYIO B HyJIE€ KPAeBYIO 3a1ady. st 9Toro HeoGXoauMo paceMoTpeTh ypasHerue (1),
B KOTOPOM €T0 IIpaBas 9acTh 3aMeHeHa Ha 0.

Teopema 1. Cuekrp ycroiunBocTH JIHHeAPU30BaHHOH Kpaepoii 3agauun (1), (2) coxep-
SKHT CYETHOe MHOMKECTBO COOCTBeHHBIX 3HAYCHHEr {\,,A\n},n € N Ilpm e € [0,&0], rae &g
gocraroano Mago un = 0,1,2,...,ng 3Ta KpaeBas 3a;ja1a UMeET CAEAYIONHe TOIKH CITEKTPA
YCTOHYUBOCTH

An(€) = T (€) +ion (), Tn(e) = [—(k1 + (mn)*ka) + acB(mn — 4R,,)/(8(7n)?)]e%+
+o(e?),0,(¢) = (7n)? —ec?/2 + O(e?), R,, = (chn — cosn)/shn.

Ocrambabie \p,(n =ng + 1,n0 + 2,...) J€xkar B MOJIYIIOCKOCTH

T, = ReA,, < 7)\0, )\0 > 0.

3ajiada UCCae0BaHUs CTPYKTYPhl OKPECTHOCTH HYJIEBOT'O PEIIEHUsI MOYXKET OBITH CBEJIEHA
K PaCCMOTPEHUI0 aHAJIOIMIHOrO BOIIPOCA, JJIsi CUCTEMBI U3 7y OOBIKHOBEHHBIX nuddepeH -
AJIbHBIX YpaBHEHUIA

Pn = EX[Tn — bpp2]pn, by = az(mn)*/2, pn(t) > 0,n =1,...,ng. (3)
Jlemma. Ilpu ¢ € (¢, Cmt1), 1€

(k1 + Hz(ﬁm)z)]wg (

aBlrm — AR, m=23,...)

Cn = 27rm[
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cripaBeIUBBI HepaBeHCTBa To > 0,73 > 0,..., 7, > 0, a 15 ocTaJbHBIX HHIEKCOB j CIIpa-
BeauBsl HepapercrBa 7; < 0. IIpu sToM cucreMma gugpgepeHnnaIbHbIX ypaBHeHnit (3) mmeer
ACHMIITOTHIECKH YCTOHIHUBOE COCTOSTHIE PABHOBECHS Sy, 1 :

Pk = \/Tk/bkvpj:Oak:273a"'7m7j:17m+1a7"'an0-

OcraJbHple COCTOSIHUSI pAaBHOBECHS (3) HEYCTOIIHBBL.

Teopema 2. CymecrByer Takoe €y > 0, uro npu £ € [0,&9] cocrosiHuro paBHOBeCH:
Sm—1 COOTBETCTBYET ACHMITOTUYECKHU yCTOHYUBbIi nuBapuanTablii Top T,,_1(g) pasmepHo-
crum — 1. OcraapHBIM cocTOSHHISIM paBHOBecHs S;(j # m—1) cOOTBETCTBYIOT HEyCTOHIHBLIE
TOpBI Kpaesoit 3agaqn (1), (2).

W3 TeopeMbl 2 BBITEKAET, UTO TPH € € (Cpp, Cpt1) ACUMITOTAYECKH YCTORIUBBIM MOYKET
ObiTb b T0p Tpy—1(g). Ecam ¢ nepexonur u3 nonyusTepBasa (Cpm,Cmy1] B CIELYIONHIT
(¢ma+1, Cma2), TO TOp Ty—1(€) TEpgeT yCTORIMBOCTD, HO OJHOBPEMEHHO POXKIAETCS yCTONIN-
Bolit Top Ty, (€), pasmepHocTh KOTOPOro Bhiie Ha 1 [5,6].

Amnanornunas kpaesast 3a7a4a Oblia n3ydena B pabore [7].
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YPABHEHUE KYPAMOTO-CUBAIINHCKOTI'O.
BNOYPKAIIMOHHBIE 3AJIAYN

EQUATION OF KURAMOTO-SIVASHINSKY.
BIFURCATION PROBLEMS

Kymukos A.H.!, Kynmukos . A.?

L pocrascruti 2ocydapemeenmvidi yrnusepcumem um. I1. I Jemudosa,
Hpocaasav, Poccus; anat_kulikov@mail.ru
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Vpasuenue Kypamoro-CuBammHCKOro Win Takue ypaBHEHUs, KOTOPbIE K HEMY MOTI'YT ObITh
CBEJICHBI, BCTPEYAIOTCS BO MHOIUX pasiesax (usuku (rugpoauHaMuke, husnke TBEPAOrO Te-
aa). Iocsientee BpeMst 910 ypaBHeHHE IPUOOPEJIO JOHOJIHATENLHYIO IOIY/ISPHOCTD B CBA3U C
IpobjieMaMu, BOZHUKAIONIUME B 00JIaCTH HaHOTexHoJsiornit. K HuM, Hampumep, TpUBOJIAT 3a-
Jlaud IIpU MOJEIMPOBaHUU (POPMHUPOBAHUS HAHOPEbeda Ha ILIOCKON MOBEPXHOCTH MUIIECHU
upu obpaborke ee morokoM uoHoB [1,2]. B maubosiee nipocrom Bapuanre, korja gedopmaiun
"mumHApIYeckre "M MOTOK HEPIEeHNKYIAPEH K HEBO3MYIIEHHONH MOBEPXHOCTH 0OPabOTKMH,
pPaCCMATPUBAIOT yPABHEHUE

2 3 2
Ut = —Uggaax — bum'p + au,. + bQUIUmr + asu, + b3uzuz.’t7 (1)

rae u = u(t,x),as,bs,b3,a3 € R,b > 0. Unorma 310 ypaBHeHHe HA3BIBAIOT yDPABHEHUEM
Bpeanu-Xaprepa. Kax npaBujio, ero paccMaTpuBaloT BMECTe C [EePUOITIECKIMU KPACBLIMU
ycaousmu [2-4]. Hanpuwmep,

u(t,z +27) = u(t,z),r € R. (2)

C dusudeckoil TOUKM 3peHus I 3a/ad U3 00/IACTH HAHOTEXHOJIOIHI, MUKPO3JIEKTPOHUKN
coiepzKaTeIbHbI CJIeIyIoNue KpaeBble YCI0BUAI

Uz (6,0) = gy (£, 1) = U (¢,0) = ugar(t,1) =0,z € [0, 1]. (3)

Hesecoobpasuo orMernthb, 9To 06e Kpaesbie 3amaun ((1),(2) u (1), (3)) momyckaror pe-
menus u(t, ) = const u 6ojiee TOrO OHM WHBAPUAHTBI OTHOCUTEJILHO 3aMEH U — U + const.
ITosToMy ¢ PHU3MIECKOI U MATEMATHICCKON TOYEK 3PEHHS PA3yMHO OIPAHMYIATELCS U3y ICHICM
OKPECTHOCTH OZHOPOLHOTO COCTOAHUSA papHOBecHd u = (.

Paccmorpum tuHeapu3zoBannoe B Hysie auddepeHImaIbHoe ypaBHeHne

Ut = —Ugggr — bu:EZE (4)

CrpaBeyINBBI yTBEPKICHUS.

Jlemma 1. Cuekrpy ycroiunBoctu Kpaepoii 3agaqn (4),(2) npunaipiekur cobcrBeHHOE
gucao A = 0. IIpu b < 1 Bce perriennst 310t KpaeBoi 3a/ja4u YCTOHYIUBBI U HEYCTOHIUBBI IIPH
b>1. Eciimb# 1, To A = 0 0HOKpaTHO U OHO JBYKpaTHO mpu b = 1.

JIemma 2. Crekrtpy ycroiiuuBocTH KpaeBoit 3a1adu (4),(3) npunamiexkur cobcrBeHHOE
qncao A = 0. Ilpu b = 472 oHO TpexKpaTHO U ABYKPATHO IIPH OCTaabHEIX b. Eemm b < 472,
TO Bce perneHus KpaeBoii 3aza4m (4), (3) ycroiauser n HeycToiranser mpm b > 4w,

Jst menmueiineix Kpaesbix 3ama4 (1), (2) u (1), (3) ObuIH paccMOTPEHBI BOIIPOCH O BO3-
MOYKHOCTH OudypKaIuii IpoCTPAHCTBEHHO HEOIHOPOIHBIX PEIIeHUI, B TOM YUCJIE U yCTONIN-
Boix. [Tokazano, 9ro 6udypKauyu TaKux perieHuii IIPOUCXOIAT IPH CMEHE YCTOHYUBOCTH pe-
[IeHuii JIMHeapu30BaHHbIX KpaeBbixX 33124 (4), (2) u (4), (3). Tak, eciim o6paTuThbes K KpaeBoit
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zagaqe (1), (2) u nonoxkurs b = 1+ ae, rue a € R, € — MaJIblil HEOTPUIATEIHHBIE TTAPAMETD,
TO U3YYEHUE CTPYKTYPhI OKPECTHOCTH pernerus 1 = (0 MOXKeT ObITh CBEJEHO K UCCJIETOBAHIIO
CUCTEMBI U3 TPeX OOBIKHOBEHHBIX I dEPeHITNAIbHBIX YPABHEHUN — HOPMAJIbHOM dhopme

¥ = elolz|?, 2 = elaz — (Iy +ily)z|2)?],

rae lo,l1,lo, ¥ (t) € R,2(t) € C. UccnenoBanue HOpMaIbHONU (POPMBI IIO3BOIMIIO HAATH LIPO-
CTPAHCTBEHHO HEOJJHOPOJHBIEe pellleHnsl Kpaesoii 3agaun (1), (2), uccirenosars nx ycroldn-
BOCTB, & TaKXKe JJIT TAKUX PEIIeHUH MOTYT OBITh BBIIACAHBI ACHMITOTHIECKUE (POPMYJIBI 110
CTENeHsIM MAJIoTO apaMerpa €.

Amnajiornyuable pe3yJibTaThl MOI'YT OBITH IIOJLY YeHbl U JJIsd KpaeBoii 3aia4u (1), (3). YmecTHO
orMeruTh creruduKy HemHeHoOH Kpaesoii 3amaun (1), (3). Ilpu Becex b € R nanHas Kpaesast
3aJ1a9a UMeeT JBYMEPHOEe MHBAPUAHTHOE MHOrooOpasue, COCTABJICHHOE U3 HEYCTOWYMBBIX pe-
menuit. Bojiee TOro, MOXKHO yKa3aTh MHOXKECTBO Iapamerpos 3amaun (1), (3), mpu KOTOpbIX
3TO MHBAPUAHTHOE MHOIOOOpa3He OKAXKeTC s JIOKAJIBHBIM aTTPAKTOPOM s PEIeHni JaHHO
KpaeBOil 3a1a4u.

Pabora Beimosinena npu ¢puHaHCOBON Togepkke rpanTa IIpesumenta Poccuiickoit Pemeparnmu
(xkonrpakT Ne MK-2298.2013.1).
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PaccMOTpeHbI 32390 O B3aMMOJIEHCTBUH ABYX WJIM TPeX MICHTUYHBIX CJIA6OCBI3aHHBIX
ocumasaTopoB (cMm., Harpumep, [1]). B mepBoM ciiyuae paccMaTpuBaeTCs CHCTEMa U3 JIBYX
nuddepeHIuaILHBIX YPABHEHI BTOPOrO MOPAIKA,

&y — 2eaiy, + wieg 4 f(zg, 2x) + (1) Be(xy — x2) + ye(dy — @2)] = 0, (1)
rane k= 172aa7waﬁa7 € Raw 7é 0,e € (075())7

f(yaz) = fQ(yaZ) + f3(y?z) + fO(yaz)v
f2(y, 2) = fory® + faoyz + fa32?, f3(y,2) = f319° + faoy?z + fazyz® + faa2®,

a 1u1s fo cupaseymsa onenka | fo(y, 2)| < V(y* +2z4), ecom |y|, |2| < My, M, My = const > 0.

Cucrema nmuddepennuanbabix ypasaeanii (1) Biouaer B cebsl IMPOKO U3BECTHBIE TIPH-
MEpBL: CHCTEMY JBYX CJIab0CBA3aHHBIX ociuLiaTopoB Bau gep Houga-/Tioddunra, cucremy us
JIBYX CJIa00CBIA3aHHBIX (DU3MYECKUX MASTHUKOB IIpU MajioM Koddduimenre Tperus (¢ < 0.)

Cpasy orMeTnm, 9T0 OyZieM pa3andaTh TPUA THUIIA NEPUOSMICCKUX PENICHMI:

1. 21(t) = x2(t) — CHHXPOHHBILT KT,

2. 29(t) = —x1(t) — uporuBoda3HBINA IUKII;

3. |z1(t)| # |x2(t)| — acumMeTpUIHBII UKL

Buech x;(t) nepuommyeckue dynkimu. B paborax [2,3] Gbuin H3ydeHbI BOIPOCHI CylIie-
CTBOBAHUS U YCTOWYMBOCTHU IIEPUOIUYECKUX PEIICHUI BCEX TPEX TUIIOB. BBIIM U3y4eHbl U JI0-
KaJibHbIe OM(ypKAIUU IPU CMEHE YCTORIUBOCTH Y BCEX TPEX THUIIOB IIEPUOAMIECKUX PEIICHUA.
V3yuenne OTMEYEHHBIX BOIIPOCOB OCHOBAHO HA MCIOJIB30BAHWH AIMIAPATA TEOPHHM HOPMAJIb-
HBIX POPM, JJIsT TOCTPOEHUsSI KOTOPBIX OBLI UCIIOJIB30BAH AJINOPUTM, BEJLIIUI CBOE HAYAJIO OT
n3BecTHoro ajropurma Kpsuiosa-Boromiobosa.

Kaxk nokaszano B paborax [2,3], HopmaabHast dopma cucrembl quddepeHnnanbHbIX ypas-
Henuil (1) uMeer mociie IEPEHOPMUPOBOK CJIEILYIONTHI BUJL

£ = dexp(—ip) D& + & — (1 +ic)é[é[, (2)

-1 1
vie g,ed € Rod > 0,6 = col(¢1,&), 6 = 6P + 1P D= (] ), & = &) €
C,j =1,2,5s = et. Koabdunuenrsr nuddepeHnnaibHoro ypapaenus (2) OIpemessiorcs B
IIPOIIECCe PEAJTUBAIINN [TOCTPOEHUsT HOPMAIBHON (DOPMBI.
B pabore [4] 6bu1a npesioxkeHa cucreMa U3 TpexX CIab0CBA3AHHBIX OCIUILISITOPOB

1 —2eadr + 21 + fx1,21) + e8(z2 — .%'1) +ey(ie —d1) =0,
iy —2eais + x2 + f(2,22) + eB(x1 — 22) +eB(23 — 22)+ (3)
+6’Y($.1 — .732) + E’}/(i‘g — 1‘2) =0,
i3 —2eais + a3 + f(2s, &3) + (22 — x3) +ey(d2 — d3) =0,
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e o, 3,7 € R,e € (0,60),60 —MOCTATOYHO MaJiasi MOJOXKUTEIbHAA MOCTOAHHAA. Hesmueii-
noctb f(y,z) aHajgorumdua Toil, KoTopas ObLIA PACCMOTPEHA B CIy4ae JABYX OCHULIATOPOB.
N3ydenne mMaibix aprokosiebanuii cucreMbl (3) MOXKHO CBECTH K UCCJIEIOBAHUIO HOPMAJILHOMN
dOopMBI, KOTOpast MOCJIe TIEPEHOPMUPOBOK MOXKET OBIThH 3amncana B popme

2 = dexp(—ip)(z2 — 21) + 21 — (1 +ic)z1]21|?,
2h = dexp(—ip)(z1 + 23 — 222) + 22 — (1 +ic)z2|22|?, (4)
24 = dexp(—ip)(ze — z3) + 23 — (1 + ic)zs|zs|?,

rae z; = zj(s),s =¢,d > 0,¢,c € R.

VY cucrembl nuddepenimanbabx ypasHeHuii (4) u, ciaenosarenbHo, y cucreMbl nubde-
PeHIMAJIbHBIX ypaBHeHuil (3) ObLIN HaBJIEHBl U MCCIEeJ0BAHA YCTONINBOCTD ABTOMO/IEIBHBIX
MEPUOINIECKIX PEIEeHU:

1. cUHXPOHHBIX HepuoAnYecKux pemienuii x1(s) = xa(s) = x3(s);

2. aCHMMeTPUIHBIX IePHOIANTIECKIX PeIIeHHit, st KOTOPBIX |2 (s)| # |rx(s)| xors Ob1 mys
OJIHOY I1apbl UHIAEKCOB.

Ormerum, uto mpu « > 0,7 > 0,8 = 0 cHMHXPOHHBIH IMKJ cucreMbl (3) CylecTByer
U yCTOW4UB 1pu JIIOGOM BBIGOPE OCTAJIBHBIX MapaMerpoB cucreMbl (1), a acMMMeTpUYHbIE
[UKJIBI, €CJIN U CYIIECTBYIOT TO C HEOOXOIMMOCTHIO OHU HEyCTONYnBbl. OCHOBHBIE PE3YJIBTATHI
MOJTyI€HBI AHATATUIECKH.

Pabora Beimosinena npu guHaHCOBO#N Toepkke rpanTa IIpesuenta Poccuiickoit Peepariuu
(konrpakT Ne MK-2298.2013.1).
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OCOBEHHOCTU KOJIEBAHUS PEIIEHUN
AIIMABATNYECKUX OCIINJIJIATOPOB
C 3AIIA3B/IBIBAHVUEM

FEATURES OF OSCILLATIONS IN ADIABATIC
OSCILLATORS WITH DELAY

Hecrepos I1. H.!, Aradonunkos E. H.?

L fpocaasckuti 2ocydapemeenront yrnusepcumem um. I1. I Jemudosa,
Hpocaasav, Poccus; nesterov.pn@gmail . com
2 dpocaascruti 2ocydapcmeennviti yrusepcumem um. 11 I. Jemudosa,
Hpocaasav, Poccua; agafonchikov-evg@mail.ru

B nokmase obcykmaiorcs 0COOEHHOCTH KOIe0aHns permeHuit aanadaTuaecKuxX OCIUIISITO-

POB C 3alla3/bIBAHUEM:

d’x

2 T z(t) + q(t)z(t — h) =0, (1)
rae h > 0, a dbysknus ¢(t) crpemurcs K Hyao upu ¢ — 00. B 9acTHOCTH, U3JIAraloTcst
LIOJIy YeHHbIE aBTOPAMHU PE3YJIbTAThI O BIMIHUN 3aI1a3/bIBAHIs HA CKOPOCTD pocTa (yObhIBaHMs )
AMILUIATY 1Bl 9TUX Kosebanuii. OTMedYeHHbIe 33/1a11 PACCMATPUBAIOTCS HA, IPUMEPE yPaABHEHUS
(1) ¢ dyukmusvu g(t) BugA

at) =, a0, (2)

qt) = tﬁpsm M, a0, A£0, (3)
rje a, A, p — BelecTBeHnble qucia u p > 0.

Awnanus quHamuku perennii ypasuenuit (1), (2) u (1), (3) ocHOBaH Ha HCIOJB30BAHUN
METO/[a ACUMITOTUIECKOIO HHTErPUPOBAHUS, IIpeIozkeHHoro B padore [1]. Cyrs Merona co-
CTOUT B cJleytonieM. PaccMoTpuM cucreMy JIHHEHHBIX AuddepeHnajlbHbIX ypaBHEeHII ¢ 3a-
a3/ pIBAaHIEM

i =v(t)A)z(t—h), xeCm (4)

3nech (n X n)-marpuna A(t) siBasiercst nian T-eproOJMIEcKOll WM COCTOUT U3 TPUTOHOMET-
pudeckux Muoroustenos. Ckassipras (yukuus v(t) abCOMOTHO HENpepbIBHA Ha MHTEPBAJIE
[to,00) m obmamaer cremyromumMu ceoiicrBamu: v(t) — 0 mpu t — oo; 0(t) € Lq[tg, 00);
v**L(t) € Ly[ty, 00) mrst mexoroporo k € N.

B pabore [1] nokazano, 4ro pemienus cucreMbl (4) mpu I0CTATOYHO GOJIBIIUX ¢ YIOBIIE-
TBOPSIIOT CHCTEMe YDABHEHUH C 3ama3IbIBAHIEM

G = [v(t)Al(t) F 02D As(t) + ..+ 0P AR() | 2(8) + R(t, z0). (5)

Buech (n X n)-marpuist A;(t) sapisgorcs uin T-IepHOATYecKIMI UM UX JIEMEHTAMHE SIBJIsA-
FOTCSl TPUIOHOMETPHYECKUE MHOTOWIEHBI B 3aBUCUMOCTH OT THIIA MCXOZHOM MaTpuisl A(t). B
YaCTHOCTH,

AL(t) = A(t),  As(t) = —A(t) / A(s)ds, As(t) = A(t) / A(s) / A(r)drds.
t—h t— s—h

Hasee, R(t,-) — JuHEHHBI OrpaHUYEHHBIl OLEPATOp, MHefCTBYIOMUI U3 HPOCTPAHCTBA
Cis1yh = C([—(k +1)h, 0], C") nenpepbiubix Ha orpeske [—(k + 1)k, 0] dbyukumii co snaxe-
mnsivm B C™ B ipocrpancrso C*, a x4(6) = x(t+6) (—(k+1)h < 6 < 0) — s1emeHT IpocTpaH-
crBa C(,41)- Kpome Toro, cymecrsyer ckanapuas dyukims v(t) € Ly [to-+kh, 00) Takast, 1o
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|R(t, 0)| < v(t)llll ans moboit ¢ € Cryryn mpu t > to + kb ([l@|l = sup_ g p1yn<o<o [0(0)])-
OrmepaTopbl ¢ TAKUM CBOMCTBOM Oy/1eM HAa3bIBATH OIIEPATOPAMHE U3 KJIACCA ,Cgkﬂ)h[to +kh,0).

Jambaefimee mpeobpazoBanne cucTeMbl (5) COCTONT B WCIIOMH30BAHWH CIIEITHATLHON 3a-
MEHBI [IePEeMEHHbIX (CM., Hamnpumep, [2|) [uisi upuBemeHus TONH CUCTEMBI IPHU JOCTATOYHO
GosIbIINX ¢ K YCPEJIHEHHOMY BULY

y = [v(t)Al +02(t) Ay + ... + vk(t)Ak]y(t) + Ri(t,y). (6)

3zech MaTpunpl A; SBISIOTCS HOCTOSHHBLIME MaTpHIaMu, & R (t, y;) — HEKOTODEI omepaTop

k+1)h[

13 KJIACCa, £§ to + kh,00). B wacrHocTH,

T
A = MAL(D)],  As = M[As(t) + Ay (DY (1)], (m[p@)] ~ Jim / F(s)ds>

rjie Marpun@a Y (t) ¢ HyJeBbIM CPeJHUM 3HAYEHHEM ONPeJIe/IsAeTCs KaK PElleHne MaTPHIHOrO
i depenmanbHOro ypasaenus suga: Y = A (t) — Aj.

Ha 3aseprmaiomnem srare cucrema (6) (ecim 970 OKa3bIBACTCA BOZMOXKHBIM) IPUBOJUTCS K
TaK HA3BIBAEMOMY L-IHArOHAJILHOMY BUJLY

2= At)z(t) + R(t, 2p). (7)
Bnech z; — anement npocrpanctsa Cpq1yn, At) = diag(/\l(t), el )\n(t)) — JIMaroHaJbHAL
MATPHIIA, 3JIEMEHTAMI KOTOPOil SBJISIOTCS JIOKAJIBHO HWHTErPUpyeMble Ha [ty, 00) dyHKIMH co

o o . k+1)h
suavenusmu B C, u R(t,-) — JuHeHHbI OrpaHUYeHHBI OllEpATOp M3 KJacca £§ 1) [to +

kh,00). AcuMmiToTHKa BCeX pelteHuit cucreMsl (7) mpu ¢ — 00 MOXKeT OBITH 3aTeM IIOCTPOEHA
¢ oMoIBIo BapuanTta teopembl H. JleBuHcoHa, nosydernoro B pabore [3].
B szaBepinenue JoKkiIa1a Ha npuMepe ypasHerns (1) ¢ dyHknueit

i t
q(t):aw7 o(t) =t + alnt, acR

Vit

WLIIOCTPUPYIOTCS OCOOEHHOCTH IAPAMETPUIECKOTO PE3OHAHCA B 8/INa0ATUIECKUX OCIIHILIATO-
pax ¢ 3amas3/IbIBAHUEM.

Pabora BeimonHena npu duHancoBoii nompgep:kke PODPU B paMKax HaydIHOrO IIPOEKTA
Ne 12-01-31004 moat_a, a Takeke rpanta Ilpesnenra Poccuiickoit @eneparm Ne MK-80.2013.1.

JINTEPATYPA

1. Nesterov P. Asymptotic integration of functional differential systems with oscillatory decreasing
coefficients // Monatsh. Math. 2013. Vol. 171, No. 2. P. 217-240.

2. Hecrepos I1.H. Meton ycpenHeHus B 3a/1a4e aCUMITOTHIECCKOTO HHTETPUPOBAHUST CUCTEM C KOJIe-
6arenpHO yobiBatonmMu Kodddunuenramu // Juddepennumanbupie ypasuenus. 2007. T. 43, Ne6.
C. 731-742.

3. Cassel J.S., Hou Z. Asymptotically diagonal linear differential equations with retardation // J.
London Math. Soc. 1993. Vol. 47. P. 473-483.

34



Meotcoynapoonasn xongpepernyusn «Heaunetinais OUHAMUKG U €€ NPUAOIHCEHUAS

ON PAINLEVE’S EXTENSION TO BRUNS’ THEOREM
OF NON-EXISTENCE OF FIRST INTEGRALS
IN THE 3-BODY PROBLEM

Albouy A.

The Institut de mecanique celeste et de calcul des ephemerides,
Paris, France; albouy@imcce.fr

I will examine Painlevé’s arguments in his 1898 paper in Bulletin Astronomique, and in
particular the interesting use he made of Appell’s ideas on the central projection in Newtonian
dynamics (Appell’s theory can be called projective dynamics). I will give a shorter proof of
one of Painlevé’s lemmas, and indicate the main difficulties I found in understanding the
continuation of his paper. I will use unpublished works by Thierry Combot on the question.
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ON THE MOTION OF A SPHERICAL SHELL
ON A PLANE

Bizyaev I. A.!, Borisov A. V.2, Mamaev I. 8.3

! Institute of Computer Science, Udmurt State University, Izhevsk, Russia;
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We consider a system consisting of two bodies (Fig. 1): an outer body and an inner body.
The outer body is a dynamically symmetric spherical shell that moves without slipping on a
plane. The inner body is an arbitrary body which is fixed inside the shell by means of two
sharp-edged wheels. The sharp-edged wheels ensure that the components of angular velocities
are equal in direction fixed in the inner body [1]. That is, (w — €2, e) = 0, where w and Q are
the angular velocity components of the inner body and the shell in the moving coordinate
system Czxyz rigidly attached to the inner body, e = (0,0, 1) [2].

Fig. 1. A dynamically symmetrica shell with a nonholonomic hinge inside on a plane

The equations of motion in the moving coordinate system Czyz are:

I =1Q x w + mR2(y(Q, 7 x w) + v X w(v,Q)) — \ee
Iw =Tw x w+ Mge (1)
Y= Xw,
where I = j+mR? (72 — v ®7) is the inertia tensor of the shell relative to the contact point,
I = diag([y, I, I3) is the inertia tensor of the inner body and m is the mass of the entire
system,
(i + mR2y?) (wiwa (It — Ip) + I3(Qowi — Qyws))
pu(p +mR2y2 + I3) + mR2 133 ’

The system of equations (1) admits the invariant measure

Ao = —

(1(p + mR2y? + I3) + mR2I372)Y? dQ dw dry.
and the known first integrals
Fo=~*=1, Fi=w3—03=0.
H = J(92,00) + (w,10)).
Also the following additional integrals have been found:

Fy=M?  Fy=(M,~),F, =11 — I3)w?+ (I — I3)w?.
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where M = IQ + Iw is angular momentum of the system relative to the point of contact.
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THE PROBLEM OF OPTIMAL CONTROL
OF A CHAPLYGIN BALL BY INTERNAL ROTORS

Bolotin S. V.

Moscow Steklov Mathematical Institute, Moscow, Russia; bolotin@mi.ras.ru

We study the problem of optimal control of a Chaplygin ball on a plane by means of
3 internal rotors. By fixing the value of Markeev first integral, the problem is reduced to
the Carateodori geodesic problem. Using Pontryagin maximum principle, the extremals are
represented by a Hamiltonian system in group variables. For a spherically symmetric ball, the
solutions can be expressed in elliptic functions.
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TOPOLOGICAL MONODROMY
IN NONHOLONOMIC SYSTEMS

Bolsinov A. V.., Kilin A. A.2, Kazakov A. 0.3

LSchool of Mathematics, Loughborough University, Loughborough, United Kingdom;
Laboratory of Nonlinear Analysis and the Design of New Types of Vehicles, Izhevsk, Russia;
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2Inst. of Computer Science, Izhevsk, Russia; aka@rcd.ru
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The phenomenon of a topological monodromy in integrable Hamiltonian and nonholonomic
systems is discussed. An efficient method for computing and visualizing the monodromy is
developed. The comparative analysis of the topological monodromy is given for the rolling
ellipsoid of revolution problem in two cases, namely, on a smooth and on a rough plane. The
first of these systems is Hamiltonian, the second is nonholonomic. We show that, from the
viewpoint of monodromy, there is no difference between the two systems, and thus disprove
the conjecture by Cushman and Duistermaat stating that the topological monodromy gives
a topological obstruction for Hamiltonization of the rolling ellipsoid of revolution on a rough
plane.
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ON THE DYNAMICS AND CONTROL
OF CHAPLYGIN BALL
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We consider the rolling of a dynamically asymmetric balanced ball (the center of mass
coincides with the geometric center) on a plane (Fig. 1). We adopt the following assumptions:

— the center of mass of the sphere + rotors system is located at the geometric center of
the sphere;

— all the rotors are identical, possess axial symmetry and their spinning directions are
aligned with their axes of symmetry, meaning that the rotors cannot change the mass
distribution;

— the spinning directions of the rotors are non-coplanar, their angular velocities wy(¢),
k=1,2,3 are given functions of time.

Fig. 1. Sphere with three rotors on a plane

Choose a body-fixed frame Oe,eye. whose axes are aligned with the principal axes of
inertia of the ball (see Fig. 1). We shall parametrize the relative rotation of the axes by the
orthogonal matrix Q € SO(3), assuming that the coordinates of the moving vectors eq, es, es
in the fixed axes e, ey, e, lie on the matrix rows:

Let 7, = (z,y) € R? denote the coordinates of the center of mass of the ball C relative to the
fixed coordinate system. Thus, the configuration space of the system is R? x SO(3), and the
pair (r,, Q) uniquely defines the position and orientation of the ball.
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Let V' be the velocity of the ball’s center and € its angular velocity. Then the equations
of motion expressing the balance principles of linear and angular momentum of the system
can be represented as

mV=F, (IQ+K)=RxF, (1)
where R = —ae; is the vector from the center of mass to the point of contact, K is the
gyroscopic momentum of the rotors, I is the tensor of inertia of the ball relative to the center
of mass in the fixed axes, it is related to the mass moment of inertia tensor I = diag (I, Iz, I3)
by _

I=Q"IqQ. (2)
In order for the velocity of the center to remain parallel to the plane, i.e. V, = 0, we shall
assume that in Egs. (1) the force also satisfies the condition F, = 0.

These equations must be supplemented with kinematic relations governing the rotation
of the moving axes and the motion of the center of mass. They can be represented in matrix
and scalar form as follows:

) L 0 Q. —Q
Q = Qﬂ7 Q = 7Qz 0 QT )
Q, -9 0 3)
=V, 9=V,

The system of equations (1) and (3) admits a vector integral, which is the angular
momentum relative to the point of contact:

M =IQ+ K +mV x R = const. (4)

The presence of this integral substantially simplifies the control of the ball along the prescribed
trajectory.

In this work we investigate:
e the controllability of the ball with non-slip condition at the point of contact;

e the controllability of the ball in the presence of friction;

the problem of existence and stability of dissipation-free periodic solutions for a free
ball in presence of friction;

the problem of unbounded motion of a free ball.
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ON THE MOTION OF A ROLLING DISK
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The paper presents experimental investigation of a homogeneous circular disk rolling on
a horizontal plane. In nonholonomic mechanics (when the disk is rolling on a rough surface)
the problem of a rolling disk was investigated by P. Appel, D. Korteweg, S.A. Chaplygin and
others. A detailed review of the works devoted to the derivation of equations of motion and
their integrability is presented in [1]. But due to presence of real dissipation mechanisms the
nonholonomic formulation of the problem, can not explain the existence of two experimental
effects accompanying the rolling of the disk: increase in acoustic frequencies and abrupt halt.
Recently, some authors refer to the homogeneous circular disk rolling on a horizontal plane
as Euler’s disk [2]. Recent papers, a detailed review of which is presented in [3], are devoted
to the theoretical and experimental investigation of these phenomena taking into account
mechanisms of energy dissipation due to viscous or dry friction forces, viscous air resistance, as
well as partial disk deformation. However, the authors have not provided definitive explanation
of these phenomena, but they have achieved the correlation of modeling results only on
individual intervals of motion of the disk. There have been only theoretical studies on the
abrupt halt of the rolling disk so far. For example in [4] the sign of reaction is checked for
various friction laws and then the possibility of the contact loss of the disk is discussed, in
[5, 6], the authors assume that an abrupt halt of the disk occurs as a result of the disk losing
contact with the surface in the process of vibration at a small inclination angle.

In this paper two methods of experimental determination of the loss of contact between
the rolling disk and the horizontal surface before the abrupt halt are proposed. Experimental
results for disks of different masses and different materials are presented. The reasons for
“micro losses” of contact with surface revealed during the rolling are discussed.
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Multi—particle dynamical systems, such as collections of interacting point vortices in the
plane and on a sphere, have been attracting much attention during recent years [1-4]. The
point vortex system, an elegant and visual model of fluid dynamics, is not integrable in the case
of four or more vortices with generic choice of circulations [1]. That is why particular motions,
such as relative and absolute equilibria, collapse, and scattering are of great importance. A
well-known class of absolute equilibria involving point vortices with equal in absolute value
circulations is given by two neighbor Adler-Moser polynomials [5]. It is a remarkable fact that
the Adler—-Moser polynomials themselves provide solutions of another multi—particle system,
the Calogero—Moser dynamical system, related to the Korteweg — de Vries equation.

In this talk we describe a method enabling one to construct and to classify equilibrium,
collapse, and scattering configurations of point vortices in the plane. The most part of vortex
configurations known explicitly involves the vortices with equal in absolute value circulations.
While we consider arbitrary vortex systems with generic choices of circulations. The starting
point of the method is a polynomial or a system of polynomials with roots at the vortex
positions [2-4]. Further these polynomials are shown to obey certain ordinary differential
equations. With the help of the method we also derive ordinary differential equations, which
can be used to construct stationary vortex configurations on a cylinder and in the plane in
the presence of a background flow. Using the technique of Darboux transformations we show
that Wronskians of classical orthogonal polynomials solve some of the obtained ordinary
differential equations. We find a number of previously unknown configurations.

In addition we apply the polynomial method to the problem of finding relative equilibri-
um configurations of point vortices on a sphere. We give explicit expressions for relative
equilibrium configurations formed by point vortices placed at the vertices of the Platonic
solids. Along with this we prove that the only possible relative equilibrium arrangements of
identical point vortices located at a single latitude on a sphere are regular polygons. The same
statement is true if we add vortices of arbitrary circulations at the North and the South Poles
of the sphere.

The strength of the method lies in the fact that it works in both directions: from, for
example, point vortex relative equilibria to a differential equation and vice versa. Using this
fact we generalize the method to a wide class of other multi—particle systems. Some interesting
systems possessing equilibria given by the roots of classical and semi—classical orthogonal
polynomials are considered.

Since 1929 there has existed a hypothesis that the Adler—Moser polynomials provide
unique polynomial solutions to the Tkachenko equation. As a consequence of our results we
obtain polynomial solutions, which can not be included into the sequence of the Adler—Moser
polynomials [4].

In this talk we also discuss a connection of some multi—particle systems with the theory
of integrable differential equations: partial, such as the Korteweg — de Vries equation, the
Sawada—Kotera equation, and ordinary, such as the Painlevé equations.
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This work is devoted to the theoretical and experimental investigation of the dynamics of a
rigid body with flat base on a horizontal rough plane under the assumption of dry Amontons—

Coulomb friction F' = — [ p(r) |ZE:§| dz1 dzs and linear pressure distribution of the body on
D

a plane p(r) = ag + a1x2 + asxe, where v(r) is the velocity at the point r» = (z1,22), and
agp, ai, as are the coefficients depending on the linear and angular velocities of the body. This
model is the simplest dynamically consistent friction model, that is, the projection of the
total moment of forces on the plane is zero. This enables the dynamics of a nonplanar body
(disc) to be studied.

The equations of motion in explicit form are obtained for a balanced body with an
axisymmetric contact area (i.e. one of the principal axes of inertia of the body coincides
with the symmetry axis of the contact area and its center of mass also lies on this axis).

A number of experiments have been carried out to investigate the motion of steel and
plastic discs on horizontal surfaces.

A qualitative and quantitative analysis of model and experimental time dependence of
kinematic quantities and trajectories of the disk are performed. This enables a conclusion to
be drawn about the applicability of the described model system to the simulation of body
dynamics on the plane in real-life environment.
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DYNAMICS OF SECOND ORDER EQUATIONS
WITH ASYMPTOTICALLY LARGE DELAY
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This talk is devoted to study of one class of second order equations which contain terms
with retarded argument and nonlinear terms. The most common view is following:

0
¥+ F(i,x)=¢ / O(z(t+s),s)ds. (1)

We consider some particular cases of F' and ® functions. We find special solutions of nonper-
turbed equation while e=0. There are steady states, limit cycles or homoclinic trajectories. We
solve their stability problems and interest by features of close solutions of full equation (1).
The most complicated case is the case that corresponds to asymptotically large values of
parameter T" because of any roots of characteristic equation in the vicinity of imaginary axis
under the convenient conditions.
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NUMERICAL ANALYSIS OF PSEUDOHYPERBOLICITY

Glyzin D. S.
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Hyperbolic structures are widely studied in dynamical systems theory; however, it is still
unclear if “real” systems can exhibit non-trivial hyperbolic attractors. Attempts are made to
construct such systems manually [1,2]. We use different approach, namely, pseudohyperbolicity
[3], that is relevant for more simple models [4].

We propose an implementation of covariant Lyapunov vector analysis algorithm [5], with
main emphasis made on an angle between volume-expanding and strongly contracting sub-
spaces.
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Solid-state microchip lasers are widely applied in the modern electronic technologies. A
characteristic feature of such lasers, as a consequence of the small cavity size, is the possibility
of the multimode generation and the complex dynamics of the modes. In this paper we study
relaxation oscillations in multimode Nd:YVO, laser on the base of the model of the rate
equations [1-3], which in the case of two-mode lasing are of the form:

dui

a vlui (yi(1 = nuy) — 1) + ags)],

dy;

o - 4 — Yiyi(u; + Buy), (1)

where ¢ = 1,2, j = 3 — 7; u; is normalized intensity of the i-th longitudinal mode; y; is
proportional to the population inversion; v is the ratio of the photons decay rate in the
resonator to the relaxation rate of the populations; ¢ is time normalized to the inversion decay
time; ~y; is the linear coeflicient of amplification; « is the coeflicient of spontaneous emission
into the mode; ¢ is the pumping rate normalized to the threshold value. The coupling between
the modes due to spatial burning holes is proportional to By;u;, and the coupling due to the
effect of cross-saturation describes by the terms ny;u,;.

For class B lasers the parameter v takes large values of the order of 10% — 108, hence,
the system (1) is singular perturbed. The presence of the large parameter allows to apply
methods of asymptotic integration with v — oo to build relaxation solutions in the form of
short spikes. Let fix the initial conditions corresponding to the beginning of the spike of the
1st mode, u1(0) = 1, u}(0) > 0, u2(0) = exp(vm), m < 0, y1(0) = c1, y2(0) = ¢o. Then the
energy of the short spike p; = p1(c1) can be found as a positive root of the equation

c1 —p1 +crexp(—p1) =0,

and by the interval T = min{7T3,T>} the next spike begins of the 1st mode, if Ty < Tb, or
of the 2nd mode, if 77 > T5, with the initial conditions determined by the finite dimensional
map,

f(vse,p1,Th)

_ f(’YQaC?vale) ) Tl <T2

o _ F(y2,co,p2,T1) +m

2= (2)
m f(’YQ,CQ,pQ,Tg)

fn,e,p,Te) |, T, <T

)
F(y,c1,p1,T2)

where ps = fp1,
fOr,e,p,T) = q+ (ce ™ —q)e T,

F(v,e,p,T) = (y¢ — DT + (ce? —q)(1 —e™ 1),

the interval lengthes T7 and T, are defined as the roots of the equations

F(y1,¢1,p1,T1) = 0 and F(v2,c2,p2,T2) +m =0,
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respectively.

Attractors of the map (if such ones exist) correspond to the relaxation oscillations in the
original system. In particular, if for each iteration, the condition T3 < Tj is valid then to a
fixed point there corresponds antiphase relaxation oscillations with modal frequencies in the
relation 1:1. If the conditions T5 < 717 and T, > T3 are strictly alternate, we obtain antiphase
oscillations with modal frequencies in the relation 1:2. In this way the domains can be found
in the parameter space that correspond to p : ¢ synchronization of relaxation spikes.
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In this paper we consider the motion of a body whose sharp edge is in contact with a
rough plane, in particular, the plane motion of a homogeneous rod and the Lagrange top.
Since the plane realizes a unilateral constraint, the body can move so that its end which is
in contact with the plane does not move or slips or loses touch with the support, depending
on the initial conditions. Therefore, in this paper, the dynamics of the system is considered
within three mechanical models that describe different modes of motion: the model of an
inverted pendulum, a sliding rod and a free rod. The boundaries of definition range of each
model are given, the possibility of transitions from one mode to another and their consistency
is discussed.

For the rod on the horizontal plane, if there are no active forces other than gravity
(e=P;/mg=0, P, — projection of the active forces onto the plane of motion of the contact
point), with p > p. = 2¢/k(1+ &),k = I/ml* = 1/3 for a homogeneous rod, the regions of
possible motions of different models intersect but only in such a way that for identical initial
conditions there exist no more than two decisions [1, 2].

On the oblique plane (¢ # 0) starting from the
defined p > p, (colored area in Fig. 1), regions
arise in which there are decisions within all three
mathematical models at the same time. An example
of such a region is shown in Fig. 2.

14 During the work, phase trajectories were
constructed for different models of motion, and
0 ' graphs were plotted showing the time dependence
0 1w 2 3 # of the speed of the contact point, the angle of

™

inclination, and other variables for the case of
Fig. 1 transition from one model to another, change in the

direction of sliding of the contact point during motion, and others.

=3 ¢ec=1ssignV=1
@, = 1.68, p, = 2.7

L~
D - inverted pendulum
[ ] - sliding rod

N - free rod

@ - there are two decisions: sliding rod and free rod

m - there are tree decisions:

inverted pendulum, sliding rod and free rod

Fig. 2.
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We consider the dynamics of the rubber rock’n’roller (a ball with a displaced gravity
center) on a rough plane. The term “rubber” [1] means that the vertical spinning of a body
is impossible. The plane roughness means that a body moves without slipping. Rock’n’roller
motions are described by the nonholonomic system being reversible with respect to several
involutions, its number depends on the type of a mass center displacement. We demonstrate for
this system the existence of complex dynamics which type depends on the kind of reversibility.

The dynamics of the rubber rock’n’roller is governed by the system of 6 equations, which
admit 3 integrals: energy, geometric and rubber which reduce the problem dimension from 6
to 3. To visualize the dynamics of this system we construct two-dimensional Poincaré map in
the Andoyer — Deprit variables [2].

If the ball mass displaced along all 3 body frame axis there is only one reversibility in the
system, connected with angular velocities inversion. In this case we found strange attractor
and (symmetrical by reversibility) strange repeller (see fig. 1). Strange attractor has positive
leading Lyapunov exponent and the sum of all exponents is negative.

Fig. 1. Strange attractor (left) and strange repeller (right)

If the ball mass displaced along 2 body frame axis, the system owns additional reversibility.
Due to this reversibility, behavior in the system changes sufficiently. In this case an attractor
and a repeller are not separated (see fig. 2). We suppose that such chaotic behavior is the
mixed chaotic dynamics, described at |3, 4]. In support of this fact we find long periodic orbits
of different types (stable and completely unstable) inside this chaos.
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Fig. 2. Mixed chaotic dynamics: attractor and repeller are not separated
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We consider the control problem of spatial locomotion of mobile device without external
locomotors according to the predetermined trajectory in the ideal fluid. Device represents
the system that consists of the external rigid shell in the form of three-axial ellipsoid and
three rotors that are positioned inside the shell. All rotors are identical, axisymmetrical and
rotational axes coincide with their axes of symmetry and centerlines of the shell. The center
of mass of entire system is displaced from the geometric center of ellipsoidal shell. The similar
problem of motion stabilization by means internal rotors was considered in [1] and the plane
motion of that mobile device was investigated in [2, 3].

The locomotion of the system is considered relating to two systems of coordinates -
stationary and moving which is rigidly bound with the centerlines of shell. In the case of
ideal fluid linear and angular velocities V, € of the centre of the shell in the projections on
the axis of moving coordinate system are expressed by means of gyrostatic moment K ().
K (t) is determined by the values of the inertia tensors of rotors and angular velocity of
rotation of rotors wy, we, w3 at every instant of time t.

With the aim of determining the coordinates of the center of the shell in the fixed
coordinate system is solved the follow system of the kinematic equations [4]:

d:axﬂ, B:/}XQa ﬁzf}lXQ, (1)

j,':V'Oé, yZV/@, Z:V’Y,

where x, y, z — coordinates of the center of the shell; «, 5, v — the projections of basis vectors
of the axes of fixed coordinate system on the axis of moving coordinate system.

It is possible to control the direction of locomotion of the mobile device by means of change
in the angular velocities wi, wa, ws of rotors rotations by taking their values as a control
function. For guaranteeing the motion along the predetermined trajectory it is necessary to
solve the optimal control problem of Lagrange’s type. Let us assume the minimum value of
the mean-square deviation of the system trajectory r (¢) from the given trajectory Y (t) as
the criterion of optimality [5]:

J= [ |r(t) =Y (t)|dt — min. 2)
/

The system of ordinary differential equations of motion (2) was solved numerically. To solve
the optimal control problem (1)—(2) we use genetic algorithm based on the technologies of
parallel calculations .Net 4.0.

The results of calculations showed that control of the spatial locomotion of the considered
system is sufficiently complicated but it is possible to reach any point of space using the
corresponding sequence of the values of the control parameters. The application of parallel
genetic algorithms allows to solve the complex problems of optimal control of spatial locomo-
tion for an acceptable time. The comparison of the results of numerical calculation with
control obtained analytically was carried out.
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The problem of integrability conditions for systems of differential equations is discussed.
Darboux’s classical results on the integrability of linear non-autonomous systems with an
incomplete set of particular solutions are generalized. Special attention is paid to linear
Hamiltonian systems. The paper discusses the general problem of integrability of the systems
of autonomous differential equations in an n-dimensional space which permit the algebra of
symmetry fields of dimension > n. Using a method due to Liouville, this problem is reduced to
investigating the integrability conditions for Hamiltonian systems with Hamiltonians linear
in the momentums in phase space of dimension that is twice as large. In conclusion, the
integrability of an autonomous system in three-dimensional space with two independent non-
trivial symmetry fields is proved. It should be emphasized that no additional conditions are
imposed on these fields.
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PAINLEVE EQUATIONS AND THEIR HIERARCHIES
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Paul Painlevé is as the mathematician and the politician. The great work by Painlevé
and his student for investigation of the second order of nonlinear differential equations.
The Painlevé equations and the Painlevé transcendents. The work by S.V. Kovalevskaya for
investigation of the body motion with unmovable point. The essence of the Painlevé method
for investigation of nonlinear differential equations. The generalization of the Painlevé appro-
ach on the case of nonlinear partial differential equations.

The short introduction to the theory of the Painlevé equations. Some basic properties of
the Painlevé equations. Applications of the Painlevé equations in physics and in mathematics.
It is shown that for all Painlevé equations can be constructed the hierarchies. Equations of
these hierarchies are similar to the Painlevé equations and can be called as the higher order
Painlevé equations.

Some simple hierarchies of the Painlevé equations. The Backlund transformations for
the the PII hierachy and for the KII hierarchy. Rational and special polynomials associated
with the Painlevé equations and their hierarchies. Recursion formulae for finding of nonlinear
special polynomials. The connection of the nonlinear special polynomials with the Tkachenko
equation and with the theory of the point vortices.

The author was supported by the grant for Scientific Schools 16.120.11.6148 and by the RFBR
grant 12-01-31329
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In this talk we discuss analytical properties of the extended model for nonlinear waves
in a liquid with gas bubbles. We present the derivation of the equations for long weakly
nonlinear waves in a liquid with gas bubbles taking into account higher order corrections
in the asymptotic expansion. In the case of the dissipation main influence nonlinear waves
are governed by the perturbation of the Burgers equation. The perturbation of the Burgers—
Korteweg—de—Vries equation governs nonlinear waves in the case of dispersion main influence.
The normal forms for the above mentioned equations are constructed with the help of the
near—identity transformations. The Painlevé analysis of these equations is carried out. We
show that the normal form of the perturbed Burgers equation is integrable in the Painlevé
sense under certain condition on the parameters. The physically relevance of this condition
is discussed. We obtain exact solutions for the nonintegrable case of the perturbed Burgers
equation using approach based on the Painlevé method. Two cases of the perturbed Burgers—
Korteweg—de—Vries equation are considered. The first one is the case of negligible dissipation
(purely dispersive case). It is shown that in this case nonlinear waves are governed by one of
the integrable fifth order evolution equations. The general form of the dispersive nonlinear
evolution equation seems to be nonintegrable in the Painlevé sense. However this equation
admits analytically solitary wave solutions. These solutions were obtained using approach
based on Painlevé method as well.

The authors were supported by the grant for Scientific Schools 16.120.11.6148 and by the RFBR
grant 12-01-31329
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In this paper we study the motion of a spherical shell rolling on a horizontal plane with
an axisymmetric pendulum fixed at the center of a shell [1].

In particular, we carry out a stability analysis for this system [2]: a linear analysis for
the two simplest solutions with the pendulum rotating about its axis in the lower and upper
positions, and a topological analysis, in which regions of existence and stability of periodic
solutions are found (see the bifurcation diagram in Fig. 1).

Fig. 1. Bifurcation diagram of the system, H — energy, F1, F» — linear integrals

In addition, the free motion of the system at different initial values of angular velocities
and deviations of the pendulum is considered, and the trajectories of the contact point for
different values of the integrals of motion are constructed (Fig. 2).

Ay

| |

=V

Fig. 2. The trajectories of the contact point (the trajectory is constructed with initial momentum
P, =0 in the left figure and with initial momentum P, = 10 in the right figure)

Moreover, the controlled motion of the system is considered. Control is carried out by
means of the torque Q generated by the engine which is installed at the point of attachment
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of the pendulum to the ball. An analysis of the equations of motion is carried out and the
condition restricting the parameters of the system is found for which a controlled motion
is possible. Some of the simplest cases of motion of the system are discussed: uniformly
accelerated motion in a straight line, uniform motion in a parabola and a circle etc. The
control in which acceleration to some given velocity occurs for one oscillation of the pendulum
is considered in detail (Fig. 3).
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Fig. 3. a) Time dependence of the projection of the vector directed along the axis of symmetry of
the pendulum onto the z-axis; b) Time dependence of the velocity of the ball: for one oscillation the
velocity is changed by a given value
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Sokolov S.V.
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A system which consists of a heavy circular cylinder and N point vortices in an unbounded
volume of ideal liquid was considered [1]. The liquid is assumed to be irrotational and at rest
at infinity. The circulation about the cylinder is different from zero.

The equations governing the motion of a body interacting dynamically with point vortices
were originally derived in [2]. Here the equations of motion differ from those in [2] by the
presence of the constant gravity term in the right-hand side. Using the symplectic structure
from [3], we represent these equations in the Hamiltonian form. In a case of single vortex
obtained Hamiltonian system with three degrees of freedom is shown to admit (besides the
Hamiltonian) two integrals of motion: the horizontal and the vertical components of the linear
momentum. Unfortunately, the latter is non-autonomous. With the help of the autonomous
integral we reduced the number of degrees of freedom by one and thereby obtained a two-
degrees-of-freedom Hamiltonian system which seems to be non-integrable. Partial solutions
of the system are studied and most remarkable types of motion are outlined. Stability of the
relative equilibrium points of the reduced system was explored.
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KAM-TORI NEAR RESONANCES
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We study quasiperiodic motions of Hamiltonian systems in resonance zones and projections
of the corresponding KAM-tori to the space of action variables.
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ON THE MOTION AND CONTROL OF A THREE-AXIAL
ELLIPSOID IN THE VISCOUS FLUID
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We consider the problem of spatial motion of a mobile device through an infinite volume
of viscous incompressible fluid. The device consists of a rigid shell having the shape of a
three-axial ellipsoid and three rotors are placed inside of the shell. The center of mass of the
entire system is displaced from the geometrical center of the shell. All rotors have same mass,
are axisymmetrical, and their rotation axes coincide with their axes of symmetry and with
the centerlines of the shell. The rotation axes of the rotors are not coplanar. The angular
velocities of the rotors are defined by functions of time wy (t), k = 1,2,3. The device has
no external locomotors. A similar problem of motion stabilization by means internal rotors
was considered in [1] and the motion of a similar mobile device on a plane was investigated
in [2, 3]. The motion through the viscous fluid of a body with a variable center of mass was
discussed in [4].

The motion of the shell is governed by the following equations

P=PxQ+F(t),M=MxQ+P xV+G(t), (1)
P=CV+BQ, M=B"V+IQ+K(@),

V=C(P-BQ),2=(I-B"C'B)"'(M-K()-B"C'P) )

3
K(t) = 3w (t)ny, (3)
k=1

where P is the linear momentum, M the angular momentum, V the linear velocity, € the
angular velocity, K the gyrostatic momentum, F the force of medium resistance, and G is
the torque.

The matrices I, B, and C can be represented as

3 3
1 1
I=1,+ Zlk + ims(riE -, ® rs) + §mR Z(r%E -1, ® rk), 4)
k=1 k=1

C =mE, (5)

0 Zc —Ye
B=m —Zc 0 Te (6)

Ye —Zec 0

m = mg + 3mg,

where m is the shell mass, I, the cental inertia tensor of shell, 7, the center of mass of the
shell, mgr the mass of the rotor, I, the cental inertia tensor of the k-th rotor, r; the center
of mass of the k-th rotor, x., y., z. are the coordinates of the center of mass of the entire
system.
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The motion of the fluid is governed by the Navier —Stokes equations [5]

V-U=0 (7)
oU ! )
E+Q><U+V-(U(U—W)>——;Vp+uv U, (8)

W=V+Qxr, (9)

where U is the absolute velocity of the fluid projected onto a moving coordinate system, p the
pressure, W the transport velocity, p the fluid density, v the kinematic coefficient of viscosity,
and r is the radius-vector of a point of the fluid.

The force and the torque are calculated by the following surface integrals

F(t) = /(—pE—l—pl/(VU—l- VUT)) ‘ndS (10)
G(t) = /rs X ((—pE+pV(VU+VUT)) -n>dS (11)

where S is the body’s surface.

The investigation of the characteristics of motion of an ellipsoidal body with internal rotors
in a viscous fluid is carried out on the basis of a joint numerical solution of the Navier — Stokes
equations and equations of motion for a rigid body. A comparison of the results of numerical
calculation with the case of an ideal fluid has been carried out.
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PaccmarpuBaercs ciemytorias HeJMHERHAS HAYATHLHO-KPAECBAsT 38714

. L l2
JO +mq / (21 + a1 cos aq)§1 (z1, t)day + mg/ (x2 + as cos ag)ija(xa, t)dxs = M(t), (1)
0 0

1"

yj +bjy; = —6—6? sin o, (2)
y;(0,t) = y;(0,8) = 0,y; (1, 8) = y; (I, t) =0, (3)
0(0) = 00, 0(0) = 01, y;(2,0) = yjo(2), ;(2,0) = yju(z) (j =1,2), (4)

B KOTOPOIt
ll l2
J=Jdyo+m / (xf + 2ay121 cos ag + a?)dry + mg/ (azg + 2a9x9 COS oy + a%)dxg,
0 0

0(t),y;(z;,t)(0 < z; < l;, 5 =1,2, t > 0) mcxomere pyurnum; Jo, m;,b;, a; HOIOKATEb-
HbIE TIAPAMETPBI; TOYKAMEM ODO3HAYEHBI YACTHBIE MPOM3BOJHBIE [0 ¢, MITPUXAMU - JACTHbIE
IPHOM3BOJIHBIE IO COOTBETCTBYyIOMeMy Z;, M(t) € L2(0,T) . Hauanpro-kpaesas 3amaqa (1)
- (4) onmceIBaeT OBOPOT TBEPJOIO TeJa C JABYMsI IPAMOJMHEHHBIMU YIPYIUMHI CTEPXKHIMU
BOKDYT OCH, IPUXOJAIIEH Yepes3 MEHTP Macc TBEPJOro Tesa MO JeHCTBIEM MOMEHTa BHENTHUX
cuit M (t). CrepKHU PACIIOIOXKEHBl B ILJIOCKOCTHU, HEPIEHIUKYJISPHON OCH BPAINEHUS, MMe-
IOT MOCTOSIHHBIE CEYEHMs] W PABHOMEPHO PAacCIlpesieieHHyo 1o JymHe macchl. Jledopmarmm
CTEPIKHEN MOJIEIMPYIOTCS B PAMKax IUIoTe3 Diljepa-BepHy M u rumoTe3sl Majaoro u3ruoa.
HauanbHo-kpaesas 3aga4a (1) - (4) upuseieHa B 6e3pa3sMepHBIX llepeMeHHbIX, MyHKIms 0(t)
XapaKTepu3yeT yrojl HOBOPOTa CHCTeMbl, dhyHKiun y;(z;,t), 7 = 1,2 - BeJIUYHHBL mOIEpet-
HBIX JedOpMAaIiii COOTBETCTBYIONINX CTEPIKHEIH.

s mavanbao-Kpaesoit 3agaqu (1) - (4) paccMOTPeHbI CJIeYIOIUe BOIPOCHL:

e BBeJEHO TMOHATHE ODOOIIMEHHOTO PEeIeHus], OMpPeaeeHbl COOTBETCTBYIOMME (DYHKITNO-
HAJIbHBIE IPOCTPAHCTBA U MHTEIPAIbHOE COOTHOIIEHHE, OIPEIeIsTIoiee OG00IIEHHOE DEIEHNE;

e JIOKa3aHbl TEOPEMBI CYIIECTBOBAHMUsI, €IMHCTBEHHOCTH WM HEIPEPBIBHON 3aBUCUMOCTH
pellleHnsl OT Ha4YaJbHBIX YCJIOBHII U apaMeTpOB ypaBHEHUs, 00eCIeInBaIOIINe KOPPEKTHOCTD
IIOCTaBJICHHON Ha4YaJIbHO-KPAEBOU 3a1a4U;
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® [I0CTPOEHA aHAJIMTHYECKasi (DOPMyJIa PellleHns JIUHeHHO 4acTu HadaabHO-
kpaesoii azaun (1) - (4)(nomyaaemoit u3 (1)-(4)upu (t) = 0), KOTOpas IPeICTABISLET CXOJs-
muiicst psaji 110 COOCTBEHHBIM (DYHKIWUAM Uy, (X1, To) = col(vgn)(zl), vé") (22)),0<z; <l; (j=
1,2) caemyomeii crekTpabHON KpaeBoil 3a1a4u

11 1" 1"
"

biv, — (z1 + ajcosar)Jy H(my(ayv; (0) — v”1(0)) 4+ ma(agvy (0)) — v"2(0)) = Avy  (5)

1" 1" "
"

bave — (29 + ay cosaz)Jy (malaguy (0) — v”9(0)) 4+ my(ayvy (0)) —v”1(0)) = vy (6)

’ " 1"

vi(0) = v;(0) = 0, w; (i) = v; (;) =0 (§ = 1,2); (7)

e [IOCTPOEHA TIOJHAS CUCTEMa COOCTBEHHBIX 3HAYEHUIN M OPTOHOPMHUPOBAHHAS B CIIEIH-
AJILHOM CKAJISIPHOM TPOM3BEJIEHUN CHCTEMa COOCTBEHHBIX (DYHKIMI CHEKTPAIBLHON KpaeBoil
zagaun (5) - (7), uccieoBaHa aCHMITOTHKA COOCTBEHHBIX 3HAYCHUN LIPU N — O0;

® IIOCTPOEH UTEPAIMOHHBII IIPOIECC, OIIPECJIAIONINN pellleHne HadyaJbHO-KPaeBOi 3a/1a-
au (1) - (4) n noKa3aHa ero CXOJUMOCTb.

st HauanbHO-Kpaesoii 3ana4au (1) - (4) perens! cieayomue 3a1a491 ONTHMAIBHOTO yIIPaB-
JICHUST:

Bagaua 1. Onpenemnrp dynxnuio M (t), mepepojsiiyio perenne HadajbHO- KPAEBOI
sagadn (1) - (4) u3 HagaabHOrO cocrosnusi (4) B KOHEUHOE

0T) = bor,0(T) = bir,y;(x,T) = yjor(2),9;(x,T) = yur(z) (i = 1,2), (8)

B 3aJIaHHBIH MOMEHT BpeMeHH T W ymOBIeTBOPSIONLYIO CJACAYIONEMY YCIOBHIO:

a. M(t) € L2(0,T) n munnmusupyer ¢yuxnuonas $1(M) = ||M(t)||2L2(0,T);

6. M(t) € Loo(0,T) u munnvmsupyer ¢ynxmuonan ®o(M) = ||M(t)||L_ o,1)-

Bazaua 2 (3amaua 6wicTpopeiicrBusi). Oupenennts Gynkuuio M (t), nepeBogsinyio
petrienne HadaabHO-KpaeBoit 3agaqn (1) - (4) w3 (4) B (8) 3a munmmasasnoe Bpemst T npu
VCJIOBUH:

a. M(t) € L2(0,T), 21 (M) < Py < o0;

6. M(t) € Log(0,T), Bo(M) < Py < 0.

IIpn pemennn 3ama4 1,2 moKazaHa ynpapiaseMOCTh PENIEHUSMA HAYAILHO-KPACBO 3a1a-
qn (1) - (4), upemioKeH UTEPAIMOHHDIH AJIOPUTM [IOCTPOEHUsI ONTUMAJILHOIO YIIPABJICHUS,
OCHOBAHHBIN Ha penieHnn 3a7a49 1,2 j1y1si 0CsIe10BaTeIbHOCTA JINHEHHBIX HAYAIbHO-KPAEBBIX
3azad. s IuHeiHbIX HaYaIbHO-KPAEBBIX 33144 PEIICHUE 33,1441 OITUMAJILHOIO YIIPABJICHUS
CBOAUTCS K MPOBJieMe MOMEHTOB B COOTBETCBYIOMMX (DYHKIIMOHAIBHBIX MpOCTpaHcTBax. Jlo-
Ka3aHa CXOJUMOCTh HTEPAIMOHHOTO mporecca. PopMyIMpyeTcs TPUHIAI MAKCAMYMa, JIJIs 110-
CJIEJIOBATEILHOCTH JIMHEHHBIX 33/1ad, & [ HadaJlbHO-KpaeBoit 3aaun (1)-(4) Kak pe3ynbrar
peJIEIbHOrO Tiepexoa. MunuMaibHoe BpeMs T HAXOJUTCA UTEPAIMOHHO KAK KOPEHb HEeKO-
TOPOTO HeJinHelHOro ypaBHeHust. ChopMyIMpOBAHHBIE PE3YJIbTaThl 000DIIAIOT HA HAYAJIBHO-
kpaesylo 3a1a4y (1)-(4) pesynbrarsr pabor [1,2].
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B paGore paccMarpuBaercd CUMMETPUYHOE TBEpAOe Teao (Craiijiep) ¢ IPAMOYrOIbHBIM
OCHOBaHUeM, 0e3 KaKux-im0O BHEIIHWX ITOJBUKHBIX dacTeil. Teao onmmpaercs HAa TOPU30H-
TaAJbHYIO MIEPOXOBATYIO TOBEPXHOCTD. 11pomosbHoe ABUKeHNe CIaii/lepa JOCTUTAETCS 3a CIeT
OIIpe/IeJIEHHOI'O IlepeMellleHusl BHYTPeHHell MacChl BJIOJIb IIPOJIOJILHOI JIMHUM CUMMETPHUH, a
TaKKe 3a CUeT CHUJI CyXOI'o TPeHusl AeHCTBYIOIMX MeXK/Iy IJIOCKOCTbIO U OCHOBAHHWEM CJaii-
nepa. st obecriedenusi MOBOPOTa CUCTEMBI HA IJIOCKOCTHU IIPEJJIaraeTcs UCIOJb30BaThb PO-
top. OpuenTanusi poropa BeIOUpaeTcs AByMsi pa3indHbiMu criocobamu. [Ipu nepsom criocobe
PaCIOJIO’KEHUA OCh BPAIICHUS POTOPa COBIAIAET C MPOJOJBHON OChI0 CUMMETDPHUH CJIaiaepa.
VcKOpeHHOe BpallleHne POTOPAa PACIIOJIOKEHHOIO TAKAM ODPa30M BJIUSIET HA PACIIPE/IEIEHUE
HOPMaJILHOM HATPY3KM MEK/Iy OCHOBAHHUEM CJIaiiiepa U OMOPHOM MJI0CKOCThIO. [Ipn aToM BO3-
HUKAET ACUMMETPHUsI B PACIPEJIEIEHUN CAJI TPEHUST MEK/Iy OCHOBAHUEM M ILIOCKOCTBIO. B ¢BOIO
odepesib aCUMMETPHUA B CHJIe TPEHUs IPUBOAUT K BPAIIEHUIO CJlaiifiepa BOKPYT BEPTUKAJIbHOMN
ocu. Ilpu BrOopoMm cmocobe poTop pacrojiaraeTcs Tak, YTO OCh €ro BPAIIEHUsS BepTUKAJbHA.
VYcKOpeHHOe BpallleHre POTOpPA B 9TOM CJIydae MPUBOAUT K BOZHUKHOBEHHIO MOMEHTA CHUJIBI
OTHOCUTEJIbHO BEPTHKAJIBHOM OCH, U, TAaKUM 00pa30M, K [IOBOPOTY cJaiizepa.

KonTakTHbIE yC/IOBUA MEXKTY CIAfiJIEPOM M ITOBEPXHOCTHIO BKJIIOYAIOT B cebs TpU HE3a-
BUCHMbBIX OI'DAHUYEHUs] HA KUHEMATUYECKHE XAPAKTEPUCTUKUA CHCTEMbI. DTU OrPAHUIEHUS
MIO3BOJISAIOT BBIYHACJINATH TPU INapaMeTpa OIPeAesIAOMNX JUHEHHYI0 MOIeJIb PaclpeleIeHns
HOPMAJIHLHON HATPY3KHU B KaXK/IBII MOMEHT BpeMeHn. B pabore mpuBeeHO INCICHHOE MOIEIIU-
poBaHue, BKJIOYaloIIee Ollpe/deseHue 1apaMeTpoB JIMHEMHON MO/ie/ii HOPMAaJIbHON Harpy3kKu
¥ YUCJICHHOE MHTEeIPUPOBAHNE YPABHEHUN JIBUXKEHUA CUCTEMBI.

Pa6ora nomjep:kana rparamu Poccuiickoro dhoga dyHIAMEHTAIBHBIX UCCIe0BaHUi (IIPOEKT
Ne 11-01-00354-a), @IIIT «Kazapwi» (roc. konrpakTt Ne 14.A18.21.0374).
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